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Abstract

Consider a sample of apparently unrelated individuals, for which marker genotype and
phenotype data is available. When individuals are sampled on phenotypes, we propose an
ascertained ancestral recombination graph (ARG) that models shared ancestry of the sample
chromosomes given phenotype data along a region that possibly harbors a disease susceptibility
gene. The ascertained ARG is used to define a gene mapping algorithm by means of a lod score
and associated p-values based on permutation testing. Under certain modeling simplifications, the
lod score and p-values can be computed exactly, without any Monte Carlo approximations, even
for unphased chromosome genotype data. Our method handles incomplete penetrance, varying
marker allele frequencies and neutral mutations, and is based on a Hidden Markov algorithm for
subsets of disease mutated chromosomes. The performance of the method is investigated in a
simulation study and for a real data set from a case-control study of breast cancer.
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1 Introduction

1.1 Background

Population-basedssociatiorstudiesarepopularfor genemappingon afine scale.
Due to the higher numberof meioseswith possiblerecombinationbetweenthe
mostrecentcommonancesto(MRCA) andtoday’sapparentlyunrelatedindivid-
uals,thesestudiesyield higherresolutionthanis possiblein family-basedinkage
studies.

Earlyassociatiostudiegestedor associatiometweerdiseas@ndeachmarker
separately.More recentlyefforts havebeenmadeto definemore efficient multi-
point methodghatpinpointloci x aroundwhich case(or diseasenutated)chromo-
somedendto clusterbecaus®f commoninheritancerom a quiterecentlymutated
founderchromosome.

The simplestpossiblityis to baseclusteringon somemeasureof identity-by-
descentIBS). ForinstanceMailund et al. (2006)definea non-randonphylogenic
tree basedon markersin closevicinity of the putative diseasdocusx. Thena
statisticis choserthatquantifiegshedegreeof clusteringof casechromosomes the
phylogenictree. Anotherpossibilityis to usehaplotypeclusteringandcladograms,
seee.g.Molitor etal. (2003),Durrantetal. (2004)andWaldronetal. (2006). The
basisof thesemethodds anIBS-basedaplotypesimilarity measurdetweerpairs
of haplotypessuchasthe largestsharedregionaroundx, possiblynormalizedfor
varyingallelefrequencies.

A moreelaborateapproachwhich focuseson identicalby descen{IBD) shar
ing ratherthanIBS, is setforth by likelihood and Bayesianmethodsthat definea
stochastienodelfor linkagedisequilibrium(LD) overawholechromosomeegion
asaresultof commonancestry.

The populationgenetictool for suchgenemappingmethodsis the Ancestral
RecombinationGraph (ARG) of Hudson(1983), Griffiths and Marjoram (1997)
and Wiuf andHein (1999). It modelshow a populationof chromosomesre re-
lated to eachotheralong a given region through coalescenc@nd recombination
events.Typically, mutationsareaddedalongthe branche®f the ARG afterits con-
struction. The marginalcoalescencé&ree, which describesharedancestryat one
position, canthen be extractedfrom the ARG at eachlocus. Sincethe ARG as
well asancestrahaplotypesarehiddenvariablesthey mustbe summedoverin the
likelihood. Without further modelsimplifications,this cannotbe doneexactly, but
hasto be carriedout by someMonte Carlo method,e.g.importancesamplingor
Markov chainMonte Carlo (MCMC). For instance Larribe et al. (2002)incorpo-
ratethe full ARG into genemapping,usingimportancesampling. However, this
methodis hamperedy its computationatlemand.
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The main challengeis to developcomputationallytractableyet effective gene
mappingmethodsthatincorporatesomebut not all of sharedancestryof the sam-
pledchromosomesAn importantfirst stepin this directionwasTerwilliger (1995),
wherestartopologyamongcasechromosomesvasassumedndinformationfrom
many markerscombined althoughdependencacrossmarkerswasnot takeninto
account. A generalizatiordue to Serviceet al (1999), incorporatesdependence
betweermarkers.

A closelyrelatedbut slightly more systemati@approachs to modelsharedan-
cestryamongcasechromosomedy meansof a local ARG aroundthe putative
diseasdocusx, only incorporatingrecombinatioreventsclosesto x, whereason-
trol (or wildtype) haplotypesare consideredinrelatedwith haplotypefrequencies
estimatedrrom the population,typically approximatedoy meansof an |:th order
Markov chain,wherel is 0 or 1. This reflectsthe fact thatin associatiorstudies,
thereis an underlyinghypothesighat casesare descendantffom one (or a few)
founderscarrying the mutation. Thenthe genealogyof casesshouldbe qualita-
tively differentfrom that of the controls. The advantagef the local ARG is that
only thecoalescenctreeatx needdo bemodeledexplicitly. ForinstanceMcPeek
andStrahg1999)assumae startopologyamongcasesyith a quasilikelihood cor-
rectionfactorthatto someextentcorrectsfor moregeneralcoalescencéees.The
ancestrahaplotypeis interpretedas a nuisanceparameterhaplotypephaseis as-
sumedto be known andthe likelihood is evaluatedusinga HiddenMarkov Model
(HMM) algorithm. Sporadiccasesare allowed for, asare, in principle, multiple
diseasemutationsat x. Morris et al. (2000) use a similar approach but within
a BayesianMCMC framework,treatingancestrahaplotypesasa hiddenvariable
thatis summedover. RannalaandReeve(2001)andMorris et al. (2002)alsoem-
ploy aBayesiammodelandMCMC, butusemoregenerakoalescenceeesfor case
chromosomesin particular,the shattereccoalescencéeeof Morris et al. (2002)
allowsfor both sporadiccasesandmultiple diseasenutations.This is alsotrue for
Liu etal. (2001),althoughtheyassumae startopologyfor the subtree®f eachdis-
easemutation. Z6liner and Pritchard(2005)definethe local ARG for all sampled
chromosomegnot only cases)onditionalon genotypedata. Phenotypesre not
incorporatedvhentreesaregeneratedput addedafterwardanto thelikelihood. In
this way, multiple diseasenutationsandvariouspenetrancenodelscanbe handled
atlittle extracost.

Othersimplificationsof the ARG haverecentlybeensuggestedor genemap-
ping,asanalternativeto thelocal ARG. LarribeandLessard2008)combineinfor-
mationof full ARGsfrom severaksmallwindowssurroundingk, usinga composite
likelihood. Minchiello and Durbin (2006) developa heuristicalgorithmto infer
plausibleARGs, whereasWu (2007) employ ARGs that minimize the numberof
recombinatioreventsconsistentvith data.Gasbarratal. (2007,2009)employthe
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thediscretetime genealogyf Gasbarratal. (2005)for genemapping.Theresult
ing ARG with discretetime generationsllowsfor tuning of offspringdistributions
anddegreeof monogacyandis summedoverby meansof MCMC.

1.2 Outline of Paper

A majorquestions whatgiveninformationin datathe ARG shouldbe conditioned
on whenappliedto genemappingin a retrospectivestudy, for instancethe case-
control study. In sucha studyindividualsaresampledascertainedpon-randomly
basedon phenotypes. Ignoring the ascertainmentnay introducebias, seee.g.

Thomaset al. (2003). The conditionallikelihood of genotypedatagiven pheno-
typesis a naturalchoicethatremovesiascausedy ascertainmentThis naturally
leadsto an ascertainedRG, by which we meanthe ARG conditionedon pheno-
types.lt is truethatwhenMonte Carloapproximatiorof thelikelihoodis employed,
the conditionaldistributionof the ARG givengenotypeandphenotypedatais ideal

for computation. However,this ARG is very difficult to samplefrom and some
approximatiorhasto be used,seeSections8.3-8.4. Instead the ascertained\RG

arisesnaturally from an expansiorof the likelihood andis naturalto use,at least
whenthelikelihood canbe computedexactly.

Thetwo majorcontributionsof the presenpaperare:

I) To presentnascertainegnon-local)ARG alonga givenregion. Whenthereis
onediseasecausingmutation,chromosomesare separatednto two subpop-
ulationsof mutatedand wildtype chromosomesespectivelyfor which the
evolutionaryprocesss differently modelled.Our approachs conditionalon
the ageG of the diseasanutationaswell ason subpopulationsizes. This
enablesa novelasymptoticconstructiorof the ascertainedRG, wheretime
is countedn unitsof G (ratherthanin unitsof presenpopulationssize).

II) To usetheascertainedRG for definingalod scorefor populationbasednul-
tipoint associatiorstudies. This lod scoretakesthe retrospectivesampling
schemeaswell asunknownhaplotypephaseinto accountand doesnot re-
quire Monte Carlo calculationfor regionsof shortor mediumlength. A cer-
tain approximationthe pseuddod score(PLOD), handledongersequences
aswell.

TheascertainedRG in 1) is generalputfor computationateasonsve suggest
model simplificationsand presenta specialcasein 1l) for which the LOD score
is tractable. Thesespecialcasesnclude a) startopology coalescencéree among
mutatedchromosomesh) single diseasecausingmutation, c) unrelatedwildtype
chromosomesyielding background_E in thewhole populationandd) raredisease
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allele frequency. In Section8 we discusshow to relax theseassumptionsyhilst
still retainingreasonableomputatiortime.

Assumptiond) is importantsinceit naturallyleadsto alocal ascertained\RG,
similar to the genealogyemployedoy McPeekand Strahs(1999)andMorris et al.
(2000). Our methodis basedon a HiddenMarkov Model (HMM) with statespace
subsetf mutatedchromosomest a (varying) locus. It extendsthe HMM algo-
rithm of McPeekandStrahg1999)andhandlesareasonablyargenumberof mark-
ers,arbitrary phenotypesandgeneticmodels,allows for neutralmutations adapts
to markerallele frequenciesand, mostimportantly, unknownhaplotypephaseis
handledat almostno extracomputationatost. This is animportantcomputational
advantageof our method,sincefor most datasetsmultilocus genotypesare ob-
servedand halpotypephasecannotbe resolvedunambiguously. In contrast,for
previousmethodshaplotypesareeitherassumedo be known, or, if not, the poste-
rior distributionof haplotypess eitherestimatedn advanceusingsomehaplotype
reconstructioralgorithm (e.g. Stephenst al., 2001), or estimatedsimultaneously
with genemappingusingMCMC (Morris etal., 2004).

We further showhow exact p-valuescanbe estimatedoy meansof a compu-
tationally feasiblepermutationprocedure.Becauseof exchangeabilityof families
underthenull hypothesi®f no diseasa@ene the p-valuesarenon-biasedinderthe
null, evenwhenthe modelsimplificationsa)-d) areincorrect.

Both Z6liner andvon Haesler(2000)and Wangand Rannala(2004,2005)in-
troducean ascertainedARG with subpopulations.Thesearticlesfocus on using
simulationto examineheperformancef singlelocusassociatiortestsfor chromo-
somessimulatedunderdifferentscenariosNo multilocusgene-mappinglgorithm
is developed.

2 A LOD Scorefor AssociationStudies

In this sectionwe definethe basicgenemappingtools usedin the restof the pa-
per,in particularthe retrospectivdikelihood, the accompanyindod scoreandthe
regionwidep-valuebasedn permutatiortesting.

Let T denotea diseasdocus of an inheritabledisease and assumethat two
allelesexistat 7: anormalalleleb anda diseasecausingallele B. The purposeof
genemappingis to estimater and/ortestif a certain(small) chromosomeegion
harborst. Theregionof interestis normalizedasa unit interval [0, 1] in termsof
geneticor physicalmapdistance.The hypothesidestingproblemof interestis

Ho: 1¢10,1],
Hi: 1€]0,1].
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We assume a subset of m individuals with phenotypes
Y = (Y1,...,Ym) is sampled. For eachindividual DNA is registeredat a number
of markerswith positions0 < x; < ... < xx < 1. Let hy_1 = (hp_14)5 ; and
hoy = (havk)K_; bethetwo homologoushaplotypesf individual v andh = (h)!_;
be the collection of all n = 2m haplotypes. In general,becauseof phaseuncer-
tainty, (hay_1, hay) is notknownfor v but ratherthe unphasednultilocusgenotype
ov- Write g = (g1, --.,9m) for the collectionof all unphasednultilocusgenotypes.
Basedon markerdatag andphenotype¥ we computea teststatisticZ(x) for the
pointwisetestHg versusHj : T = x andrejectHp whenZ(x) is large. Then

Zmax = Jmax Z(x)

is aglobalteststatisticfor testingHp versusHi, with largevaluesof Z,.« leadingto
rejection of Hg.  Alternatively, we may estimate the diseaselocus as
T = argmay<x<1Z(x) andcomputeanassociatedonfidenceegion.

TheteststatisticZ(x) shouldbe largewhenaffectedindividuals,or individuals
with quantitativephenotypesndicatingdiseasetendto shareDNA aroundx more
oftenthanexpectedy chance Thisis sosinceunderH?, themutatedchromosome
Is segregateth closevicinity of x downto all mutatedchromosomesf thesample.

To this end,we definetheretrospectiveikelihood

) L(x &) =PR(glY)

of genotypalatagivenphenotypesywheretheprobability B is calculatedunderH;'.
By conditioningonY we do not needto know the samplingmechanismaslong as
it isafunctionof Y only. Thisis anadvantagesincethe samplingschemas often
unknownin practice,seee.g.Kraft and Thomas(2000). All nuisanceparameters
thatinvolve recombinationmutation,populationgrowthandpenetrancef thedis-
easearecontainedn é. We assumehat ¢ is knownor canbe assignedna-priori
reasonablealue,anduseasteststatisticthe LOD score
(2) Z(x) =log;gLR(x) = Ioglol'g)), 0<x<1l
HereL (o) denoteghe retrospectivdikelihood underHo, sincethenr is regarded
asbeingunlinkedto [0, 1], expressedormally ast = «. HenceZ(x) is thebaseten
logarithmof thelikelihood ratio LR(x) obtainedwhentestingHp againstH¥.

To assesshe statistical significanceof an observedmaximal LOD score
Zmax = Zmax, W€ USEpermutatiortesting.Givenanypermutationy of {1,...,m}, let
Znaxy be the maximal LOD scorebasedon the retrospectivdikelihood P (g|Yy),
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whereYy = (Yyq),- - -, Yym)) is thephenotypevectorpermutecaccordingto y. The
p-valuebasedon Q randomlychoserpermutationsy, . ..., yq is thenthena (Zmax),
where

1 Q
(3) a(z) = o Z Y Zpay >2)

andlp is theindicatorfunctionof theeventD. (With a Bayesiarapproachpermu-
tationcanbeavoidedthough,cf. Section8.4.

3 Expanding the Likelihood

In this section,we expandthe retrospectivdikelihood (1) by summingover all
genealogiesicross0, 1] consistentvith genotypeandphenotypelata. As we will
see thisinvolvessummingoverall ARGs <7 correctedor diseasestatus(andthus
for ascertainment)Theresultinglikelihood handlesiependencbetweerandalong
thechromosomes.

TheunconditionalARG .« modelsthegenealogyrom today’sgeneratiorback

until thefoundergenerationThis givesusthekinshiprelationsof today’schromo-
somesandthusamodelfor thedependencieslhe expandedikelihood is

(4) L(x) = ; P9l )B(]Y)

for x € [0,1]. Sincewe usearetrospectivdikelihood P(g|Y), we seefrom (4) that
anascertained\RG 2/ |Y is natural.For a prospectivdikelihood P(Y|g), anARG
</ |g would be of maininterest(FearnheaéndDonnelly,2002).

In orderto define.«, we assumenon-overlappinggenerationsandfollow the
genealogyof the n chromosomedn the m sampledindividualsalong [0, 1] back-
wardsin time until the diseasecausingmutationoccurred,G generationggo (the
foundergeneration). The ARG 7 involves both recombinationand coalescence
events(Hudson,1983, Griffiths and Marjoram, 1997), asillustratedin Figure 1a
for an ARG with G = 3 generationgndm = 2 individuals. The point of recombi-
nation, X, is written aboveeachrecombinatiorvertex. It meanghattwo ancestral
chromosomes; andc, recombineat X, suchthatc; (theleft handchromosome)
passe®n geneticmaterial [0, X) and ¢, (the right handedge),passen genetic
material[X, 1], to thechild chromosome.

Let Ny denotethe populationsize, i.e. the numberof chromosome®f N, /2
diploid individualsu generationdackin time,u=0,1,...,G. Let., = {1,...,ny}
denotethe setof chromosome®f Generatiornu that are ancestrato at leastone
of the n sampledchromosomesomewherealong [0, 1], assuminghat the ances-
tral chromosomesf eachgeneratiorhavebeennumberedn some(arbitrary)way.
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Figurel: Ancestryof m= 2 individualsduring G = 3 generations(1a): ARG of
the sample. A numbering(1,...,ny) of the ancestrathromosome®sf eachGen
erationu is displayed. Pointsof recombinationare written aboverecombination
verteces(1b): Coalescenceeeatx = 0.4. (1c): Generatiorl ancestrya (X,i) of
thesamplecchromosomesgla). (1d): Decompositiorinto IBD-regionsQ;.
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Thenl < n, < Ny andng = n. Wemaywrite 7 = {<7,}C_,, wheré o7, {1,...,n} x
[0,1] — .7, is the ancestryof the samplein Generatioru, and.«,(i,X) = j means
that j isancestrato i atx, seeFigurelc.

In particular,we saythatDNA positionx; of Chromosome;, is identicalby de-
scenf(IBD) to DNA positionx, of Chromosome, if .o7(i1,X1) = /s (i2,X2). This
IBD definition givesrise to a decompositiorof {1,...,n} x [0,1] into ng disjoint
regionsQ; = {(i,x); #(i,x) = j}, j = 1,...,ng asshownin Figure1ld.

An alternativeARG representatiois </ = {.7(X); 0 < x < 1}, where.7 (X) is
the marginalcoalescencé&eeof the sampleat x. .7 (x) only involvescoalescence
eventsandno recombinatiorevents.We obtain .7 (x) from <7 by following then
lineagedrom time 0, and,whenevera recombinatioreventat X is passediakethe
left parentakedgeif x < X andtheright parentaline if x > X, seeFigurelb.

A chromosomdelongingto any generatioru is eithermutatedor wildtype. In
theformercasejt hasreceivedgeneticmaterialaroundr from the mutatedfounder
chromosoméalleleB), andin thelattercasenot (alleleb). HenceN, = Nyvy + Nwu,
whereNyy andNyy, denotethe numberof mutatedandwildtype chromosomesf
Generatioru. Furtherlet .7z, C ., and %, C .#, denotethe subsetof mutated
andwildtype chromosomesincestrato the given sampleof chromosomesThen
Ny = NMu + Pwu, Wherenyy = || andnyy = | #4].

We makea numberof assumptionshatwill simplify our genealogyaswell as
thelikelihood computations:

() The mutatedchromosomeslescendrom a singlechromosomef the founder
generationi.e.nyg = 1.

(i) G, {Nwu}C o and{Nwyu}S_, areknown.
(ili) Noneof themarkerloci arecausalj.e. T ¢ {xi,..., X« }.
(iv) 1istheonly diseasdocuswhich,underHj, is linkedto [0, 1].

(v) Haplotypes(formedby allelesfrom loci x,...,Xk) of the foundergeneration
areindependentvith haplotypefrequencied .

(vi) All markerloci xi areselectivelyneutral.Mutationsoccurat x, with probabit
ity ux permeiosis.

(vii) Thediseasenutationoccursatarandomlychoserchromosomd € {1,...,ng}
of thefoundergenerationindependentlyf founderhaplotypes.

LA moreprecisedefinitionis that.«7, is invariantwith respecto numberingof ancestrathromo-
somesf Generatioru— 1.
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(viii) Recombination®ccurwith probability r per chromosomeand generation,
independenthof the matingin eachgeneration.Giventhata recombination

occurs,t hasdensityr(-) along|0, 1].

.
]

N
Y 9

Figure2: DirectedAcyclic graph(DAG) of all parametersandvariablesrelevant
for the likelihood. Eacharrow corresponddo a deterministic(e.g..o/ — ng) or
probabilistic causalrelationsship,squaresare constantyparametersor observed
randomvariables)andcirclesunobservedandomvariables.Thenuisancegparame
tersé = (Y, p, €, U, T) aredefinedin Tablel.

Figure2 showsa directedacyclicgraph(DAG) of all parameterandvariables
relevantfor the likelihood and Table 1 summarizeghe notation. Notice that .o/
only describeghe genealogyof the sample.It carriesno informationon mutation
or markerdata,but ratherhow to segregatéounderhaplotypedY, ancestrato the
givensamplefo obtainh, andhowto segregatéhe mutatedchromosomd to obtain
Mp. Given the value of a nodein the DAG, its ancestorsand descendantsare
conditionallyindependentHenceFigure 2 implies thatthe likelihood (1) and (4)



Satistical Applicationsin Genetics and Molecular Biology, Vol. 8 [2009], Iss. 1, Art. 35

canbeexpandeds

(5) Lx)= 5 P(glhP(h. ,0)P(N| B |.to)P(A0]Y).
W o,

The conditionaldependenciesf Figure 2 are consequencesf (i)-(viii). Forin-
stance(iv) impliesthatY and (<7, h', h) areconditionallyindependengiven ..
Thisimpliesthatknowingthe mutationstatusof all samplecchromosomesye gain
no furtherinformationon phenotype$rom markerdata.

In orderto computethe likelihood we needto specify eachof the five terms
occurringon the right handside of (5). Assumingindividualsare sampledinde-
pendentlybasedon their phenotypesthefifth term P(.#|Y) in (5) canbe written
as

© PLAIY) = [ P(Aor {2y~ 1,29} ).
v=1

Eachterm of theright-handsideof (6) only dependon geneticmodelparameters
of thediseaseDefinepenetrances

Yvj = P(Yy|v hasj diseasallelesB),

forv=1...,mandj =0,1 2. Accordingto (ix) in AppendixA, thediseasegeno-
typefrequencie®f Generatiord are(1— p)?, 2p(1— p) andp? for genotypeghb),
(Bb) and(BB), wherep = py is thediseaseallelefrequency.Bayes'Theoremgives

P(v—1¢c .o, 2ve MolYy) = Ypp?/S
@ P(v—1¢ o, 2ve MoYy) = Yap(l—p)/S
Pv—1e o, 2vE #Yy) = Yap(l—p)/S
( )

P(v—1¢ o, 2vd Mo]Yy) = to(l—p)?/S,

whereS= yo(1— p)®+2yu1p(1— p) + P2p*.

The fourth term R («7|.#) will be further discussedn the next sectionasa
Markov chainbackwardsn time.

Forthethird termof (5), it follows from (v)-(vii), afterconditioningonJ, that

'el

(8) P(W|.7) = P(N|ng) = [T f(h}) = f(hy) [] f(h)
=1 17
whereh' = {I }7¢, isthecollectionof founderhaplotypevectorsh = (hiy,..., ).

The secon zrm of (5) dependn neutralmutationsat the markerloci. Let
hjk = {hi; (i,%) € Qj}. We obtainh;, by spreadinghefounderallele h’jk accord
ing to thecoalescenctee.7 (xx) to all chromosomesthatarelBD with j, possibly

DOI: 10.2202/1544-6115.1380 10
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Tablel: Variablesandparameters.

Truediseasdocus

Hypothesizedliseasdocus

Numberof haplotypes

Numberof individuals

Sampledphenotypes

Sampledyenotypes

Currentgeneratiorhaplotypes

Foundethaplotypesat leastsomepartof eachhaplotypeancestrato sample
Time (generationpf diseasenutation

f MutatedchromosomesGeneratioru

W Wildtype chromosomes;eneratioru

Ny Populatiorsize,Generatioru

Nmu | Populationsize, mutatedsubpopulationzeneratioru

Nwu | Populationsize,wildtype subpopulationGeneratioru

Numberof haplotypesancestrato sample Generatioru

ARG of sampledchromosomesalong[0,1]

Proportionof mutatedchromosomeattimet
Diseasellelefrequencyof currentgeneratior(= p(0))
Penetrancearameterg= {{;})
Foundethaplotypefrequenciegmarginalmarkerallele frequenciedy)
Currenthaplotypefrequencie§marginalmarkerallelefrequenciesf)
Mutationrates(= { i }K_;)

Continuoudime ARG parameter$= (o, 11(-),Am(-), Aw()))
Recombinatiomate

Recombinatiordensityatlocusx

(t) | Coalescentate,mutatedsubpopulatiorattimet
Coalescentate,wildtype subpopulatiorattimet

N <335 X+

O D Q

§G)

€T T RZ
N—

DO M =
R

> 3
=

>
=
—

~—~
SN—

interruptedby neutralmutationsat x,. Assumingthatmutationsat differentmarker
loci andfounderchromosomeareindependentve find that

ng K

9) P(h./,h) = |_| |_|P hikl 7 (%), hi),

whereP(hj|.7 (X)), ’jk) = 1whenevehj, = 0.

Finally, thefirst termof (5), P(g|h), cantakevaluesl or O dependingon if all
genotypesy areconsistentvith haplotyped,, 1 andhy, i.e.

11
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m m
P(glh) = [T P(avlhav-—1,h2v) = [ Lig~(ho_1.00)}>
Vl:l1 v v VI:! {gv~(hay_1,hay)}

wheregy ~ (hyy—1,h,) meansthat the genotypesof v at all K markerloci are
consistentvith the correspondingllelesobtainedirom hy,_1 andhy,.

4 The Distribution of an Ascertained ARG

In thissectionwe providethedistributionof .«7|.#, i.e.theascertainedRG under
completepenetranceThis is the only term of the likelihood expansion(5) of the
previoussectionleft unspecifiedsofar.

Assumption(viii) togethemwith (ix), statedn AppendixA, imply thatfor fixed
G, { A }C_o|-#o is aMarkov chainin discretetime, seeAppendixA for details.We
will needthe correspondingesultfor continuoustime t. To this end,we assume
t € [0,1], countingtime in unitsof G generationssothatt correspondso Genera
tion u = [tG], definedasthe smallestintegerlessthanor equalto tG. We alsoin-
troducethenotationn(t) = nigy, v (t) = Nmcy, Mw(t) = Nwiey ande (t) = gy
Figure 3aillustrateses = {27 (t);0 <t < 1} in continuoustime for n = 12 sam-
pledchromosomegnot showingthe diploid structure).Eachvertexcorresponds$o
arecombinatioror coalescenceventandeachedgee is aline of descenbetween
two suchevents. As t increasesa coalescenceventdecreases(-) by (at least)
one,andarecombinatioreventincreases(-) by one. The correspondingnarginal
coalescentree at x = 0.3 is displayedin Figure 3b, andthe IBD regionsfor the
samplearedisplayedn Figure3c.

The effect of labelingonefounderlineaged of .7 asmutatedis to spreadhis
mutationto anumberof otheredgesin fact, by definitionof anedgee, all chromo-
someg(from any generationpf e areeithermutatedor wildtype. We write ec.#
andec? for thesewo caseswhere.# and? arethesetsof mutatedandwildtype
chromosomeancestrato thegivensample.

We showin Appendix B that, undercertainregularity conditions,going from
discretegenerationso continuougime, the Markov chain{.4,}$_|.#, converges
to to a Markov process{.7(t);0 <t < 1}|.#p in continuougime asG — «. The
proofassumetheexistenceof threefunctionsAy, Aw, p: [0, 1] — R andaconstant
p > 0 suchthat

s log(1— Nyt —  fEam(s)ds,

1

(10) Sil0g(1- Nt —  JiAw(9)ds
Nwmct)/ (Nwey +Nwia) — (),

Gr — P

DOI: 10.2202/1544-6115.1380 12



Hossjer et al.: ARGs and Gene Mapping

Founder chromosomes

Se—
-

0.11

12 3456 7 8 91011120
Sampled chromosomes
Founder chromosomes
1 3 4 6 8
! 1
t=0

1 2 3 4 5 6 7 8 9 1011 12

Sampled chromosomes

7=0.36
Q [ [

|
I
o

CoONOOOEWNM

Chromosome

o Q,

10
11| |
12
00 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1.0
Position

Qs

Figure 3: Representationsf ancestryin continuoustime for a sampleof n =12
chromosomegnot showingthe diploid structure).The diseasamutationis located
att = 0.36,onfounderchromosomel = 6. Upper(3a): AncestralRecombination
Graphof the sample. The point of recombinations written aboveeachrecombi-
nationvertex. The samplecontainsfive mutatedchromosomes# = {6, ...,10},
whereaghe other 7 sampledchromosomeslo not carry the mutation. The time-
scaleon the right measuresime backwardfrom today’s sampleuntil the founder
generation.Middle (3b): Marginal coalescencéreeat x = 0.3. Bottom (3c): IBD
regionsfor the ARG of Figure3a. The mutatedregion Q; is displayedin grey.
The location of the diseasemutationt = 0.36, aswell as 11 marker positions,
x1 =0, X =0.1,..., X171 = 1 aredisplayedwith verticallines.
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forall 0 <t <1asG — . Wereferto p asthe recombinatiorratefor a single
lineage,and Ay (t) and Ay (t) arethe coalescenceatesof pairs of mutatedand
wildtype lineages p(t) is thediseasallelefrequencyattimet andp(0) = p. Given

nu(t) = kandnw(t) =1, the coalescenceatefor somepair of mutatedineagess

(¥)Am(t) andthe coalescenceatefor somepair of wildtype lineages(5) Aw(t). If

the former eventoccursat time t, ny(-) decreasedy oneatt, andin the latter
caseny (-) doesso. Therateof recombinatiorfor someof the mutatedineagess

ko andsimilarly | p for someof the wildtype lineages. Supposea recombination
occursat timet for lineagee at X, with parentallineagese; and e, transmitting
geneticmatrialalong |0, X) and[X, 1] respectively.Then

pler€ Alee #) = lixsry+pt)Lix<q),
(11) p(e€.#lee #) = p(t)Llixsr)+ Lix<r}:

pler€e.#Zlee) = p(t)lix<ry,

pexe#leeW) = pt)lixsry-

Example 1 (Linear growth rate.) SupposéNyy = 1+ a(G—u) andNwy = cG+
b(G — u) for somepositiveconstants, b, c. Herec is the haploidsize of the wild-
type founderpopulationanda (b) the linear growth rate of the mutated(wildtype)
populationin unitsof G. It is easilyseenthat

Au(t) = 1/(a(l-1)),
(12) Mw(t) = 1/(c+b(1-1)),
pit) = a(l-t)/(c+(a+b)(1-1)).

O

Example 2 (Exponential growth rate.) Supposéy, =exp(a(G—u)) andNwy, =
(N — 1) exp(b(G — u)), wherea (b) is the relativeincreaseof populationsize per
generatiorfor themutatedwildtype) subpopulationin thiscaseAyy = Aw = 0and

1, a>b,
p(t) = 1/NG, a=n>h,
0, a<h.

O

After the ARG hasbeenconstructedneutralmutations(vi) areaddedndepen-
dentlyatthemarginalcoalescenctereesatall loci. To getanon-trivial limit process
in continuoudime, we assumehat

(13) Guk — gk asG — oo, k=1,... K.
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Then,in thelimit, neutralmutationsatx, occuralongtheedgesof .7 (xi) according
to a Poissorprocesswith intensity L.

5 Model Simplifications

In this section,we considermodelsimplificationsthat makeexactcomputationof
theretrospectivdikelihood (5) feasible atleastfor moderatelysmalldatasets.We
assume:

(x) Thelimiting proportionof mutatedchromosome#n (10) is p(t) = 0 for 0 <
t<1.

(xi) Thewildtype coalescenceateAw(t) =0for0<t <1.
(xii) ThemutatedcoalescenceateAy(t) =0for0<t < 1.

(xiii) Linkageequilibrium(LE) in thefounderpopulationj.e. f () = e, fk(h’jk),
wherefy is thefounderallelefrequencyat x.

(xiv) All markersarebiallelic SNPs.

Condition (xX) meansthat the diseaseallele is rarein the recentand previous
generations.For consistencythis requiresthat we usea small value of p when
calculatingeachterm of P(.#5|Y) in (7). Conditions(xi)-(xii) statethatwildtype
chromosomesever coalesceand that all mutatedchromosomesoalescesimul-
taneouslyat timet = 1. This is a good approximationif the subpopulationf
wildtype andmutatedchromosomearebothrapidly increasingcf. Example2).

Figured4a showsan ARG satisfying(x)-(xii) andFigure4b the corresponding
IBD decomposition{Qj}?(zli. Accordingto (xii), the subtreeof T (1) with ny =
nvo Mutatededgeshasa startopology,i.e. theyall coalescattimet = 1. By (xi),
thereareno coalescenceventsbetweenwildtype edgesand (x) implies that any
mutatededgeof <7 thatis parentain arecombinatioreventmusttransmitaregion
containingt to the child edge. Therefore,the ny rows of Qj areall connected
intervalscontainingt, showingthe portionof eachi € .#, thathasdescendeffom
J. All otherQj, j # J occupyasinglerow. Introducethe set

D={(i,k);1<i<n1<k<K,(i,x) € Qy}

of markeralleleswhich are inheritedfrom the mutatedfounderchromosome.A
moreexplicit definition of D, in termsof so calledNearestRecombinatiorEvents
(McPeekandStrahs 1999,Morris etal, 2002)is givenin AppendixC.
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Figure 4: Ancestryfulfilling (x)—(xii) in continuoustime for n = 8 chromosomegnot
showingthediploid structure) with mutationat r = 0.36 on Founderchromosome = 11.
Upper:ARG. Middle: IBD regionsfor the ARG, with mutatedregionQ; displayedn grey.
T and11markerpositions0,0.1,...,1 arevertically displayed Lower: Exampleof marker
haplotypesllustratingH, the setof heterozygousites,asthe union of the markedboxes.
ThemutatedregionD is displayedn grey(notethatChromosomé hasmutatedat marker
3). Foreachmarkerk, the setHy consistof thosechromosomest heterozygousitesthat
belongto the k" column of D, but wherethe homologoussite doesnot. ThusH; = 0,

Hy, = {7}, H3 = {7}, Ha = {4,7}, Hs = {4,5,7}, Hs = {5}, H7 = {4,5,7}, Hg = {4},

Hg = 0, Hip = {5}, H11 = {5}. Furtherit follows thatngy = 1, ngg = 1 andng; = 2, etc.
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Thelikelihood computationsimplify considerablyusing(x)-(xiv). It turnsout
that D containsall informationabout.</ neededor calculating(5), which canbe
written as
(14) L(x)= % P(gln)P(h|D,h)f(N)R(DIY),

h D
whereh' = h = (h;,..., N}y ) is the haplotypeof the mutatedfounderandexpres-
sionsfor P(h|D,H) andPX(D|Y) aregivenin AppendixD.

Anotherconsequencef (x)-(xiv) is moreeffectivesimulationof LD structure
undernon-randomascertainmengsfurtherdiscussedn Sections/ and8.3.

6 LOD ScoreComputation and Approximation

In thissectionwewill usethesimplifiedlikelihood (14)to obtainexactexpressions
for the likelihood ratio and lod score. We start by summingout h in (14) and
dividing by L(c0) to obtainan expansion

(15) LR(X z LR(,D)f (h)B(D|Y)

of thelikelihood ratio at x, where

/ P(glt’,D)
(16) LR(W.D) ==/ 5
canbeinterpretedasthelikelihood ratiowhenD andh areknown.
We will derive a very explicit expressiorfor LR(h/,D). Let H be the setof
heterozygousites(i, k), i.e.

H = Ul Ul Hu,

whereH, = {(2v—1,k), (2v,k) } if gw is heterozygoughyy,_1 k # hoyk) andHy is
emptyotherwise.Let Hy consistof thoseheterozygousitesthat belongto the k"
columnof D butthe homologoussite (i.e., the memberof the sameH,) doesnot.
Thenthe k" columnof D hasngy -+ Nk + N1 elementswherengy = [Hy|, N =
I{i; (i,k) € D\ Hk, hix = 0}] andn = [{i; (i,k) € D\ Hy, hix = 1}|, seeFigure4c
for enexample.As shownin AppendixE, the likelihood ratio (16) canbe written
as

a7 RID) = MEL((POI I/ (0)" (P(LIM)/ (1)

- (0.5P(0Jh,)/ f(0) +0.5P(Ljh),) / fi(1)) ™) .

where .
(18) f(@) = (1—a) f(@) + afu(1—a), a=0,1,
is the allele frequencyof a at locusx, andgx = (1 — exp(—2uk))/2 ~ L is the
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mutation probability at x, i.e. the probability that a founderallele attimet = 1
mutatesan odd numberof timesdownto t = O, cf. (13) and (xiv). If py is small,
f(a) ~ fk(a).

Intuitively, thek™ termof (17)is largewhenthereareno allelic mismatchede-
tweenthe chromosomeghathavereceivedgeneticmaterialat x, from the mutated
founderchromosomei.e. wheneithernyg or ny is zero. Whenthis is not the case,
the numberof mismatchesnin(ng, nk1) at xx penalizeshe k™ term of (17) to an
extentthatdepend®n the mutationprobability g.

6.1 Conditioning on Founder Haplotypes

In this approachwe sumoutD in (15) andwrite

(19) LR(x) =y LR(x; ) f (),
h/

whereLR(x;h") = B(g|h',Y)/L(e) is the likelihood ratio when conditioningon
missingdatah’. LetDy,, = DN ({2v—1,2v} x {1,...,K}) denotehesetof mutated
sites(i, k) for Individual v. Then(15)-(17)imply

m
(20) LR(X; h/) = |_| LR(h/, D{V})PX(D{V}|YV)
v=1Dyy

whereLR(I';Dyyy) is the likelihood ratio obtainedwhen conditioningon hidden
data(h’, D), i.e.replacingD by Dy, in (17). Thecrucialpointis thatcondition-
ally on i’ andY, the rows of g areindependenandhenceLR canbe written asa
productof mterms. It is shownin AppendixF thateachterm of the outerproduct
canbe calculatedwith O(K) operationsusinga recursiveHidden Markov Model
(HMM) algorithm. Hencethe total complexityis O(mK 2K) for evaluatingLR(x).
This is a markedimprovementcomparedo direct summationover Y andD, but
still not feasiblefor largeK. ForlargeK, we may usea sliding window of | < K
markerloci. Thewindow width | is choserto makethe computationatomplexity
O(m2'K) feasible.

To obtainp-valuesfor thetest,a permutatioralgorithmwasproposedn (3). In
generalpermutatiortestsarevery computationallyintensive , which constricttheir
practicalapplicability for teststhat are alreadycomputationallydemanding such
asours. In the generalsetting,the testquantitymustbe calculatedor eachof the
Q randompermutationsyhich would give computationatomplexityO(mK 2KQ).
SinceQ mustbelarge,typically tensor hundredsof thousandsthis is notfeasible.
However,in thecaseof binaryphenotypesye proposeaprocedurdor thepermuta-
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tion testingwhich reduceghe computationalemand.The algorithmexploitsthat
YDy, LR(N, Dy )P(Dgwy|Yy(v)) is the samefor all permutationswhereY,,) = 1,
andsimilarly for all permutationsvhereY,,,, = 0. Thus,for eachindividual v the
HMM mustonly becalculatedwice, to obtainvaluesof YDy LR(N, Dy )R (D [ Yo =
1) andyp,, LR(N, Dy )P (D | Yy = 0) respectively.

To obtain p-valuesthe summatioroverh’ andmultiplicationoverv in (19) and
(20) mustbe carriedout for eachof the Q permutations.The total complexityis
thus O(m2K (2K + Q)). Sincetypically Q >> K the total complexity including
permutatiortestingis O(m2KQ).

To estimateZyax, LOD scoreis calculatedat severalpositionsX;, i = 1,..., Ny
within theinterval [0, 1], andZmax = max—1,. N, Z(%). As LOD scoreis calculated
separatelyat eachposition,the total complexityis O(m2K QNy).

6.2 Conditioning on IBD Regions

In this approactwe sumouth in (15) andwrite

(21) LR( = ¥ LR(D)R(DIY)

whereLR(D) = P(g|D)/L() is the likelihood ratio obtainedwhen conditioning
onmissingdataD. Thisyields

22y RO = M (8 (1= ak)/ fi(0)™ (ak/ f(2))™ f(0)
+B (ak/ fk(0)) ™0 (1~ a) / f(1))™ (1)),
a = 0.5(1— ak)/ f(0) + 0.50/ fi(1) andby = 0.50k/ f(0) + 0.5(1— g / fi(1).
In AppendixF, we describea HMM algorithmfor evaluating(21) with com-
plexity O(K22™). Thisis notfeasiblefor all but very smallm, sowe proposeusing

apseuddikelihood
(23) PL(x) = L(xV),
J

where L(x;V) is the retrospective likelihood using only individuals from
V C{1,...,m} and? agivencollectionof subsetd/. The pseuddikelihood ratio
andpseudd.OD scoreobtainedirom (23) are

PLR(x) = |_| LR(x;V)
ve?

19



Satistical Applicationsin Genetics and Molecular Biology, Vol. 8 [2009], Iss. 1, Art. 35

and
PZ(x) = p710g1o(PLR(X))

= ﬁ Sver Z(XV).

For instancejf ¥ containsall subsetf {1,...,m} of sizemy > 2, we getcom-
putationalcomplexityO(Km™22™), which, for valuesof mof practicalinterest,s
feasibleonly whenmg equals2.

Whena permutatiortestis usedto calculatethe p-valuestheproceduravouldin
generarequireO(Km™22M™Q) operationgor the PLOD score.For mg = 2 this is
O(Kn?24Q) = O(KmP?Q). However,for binary phenotypesn effectivealgorithm
canbe developedjust asfor the LOD score. The basisof this algorithmis that
LR(x;V) = Sp, LR(Dv)Px(Dv|Yy) is constantor all permutationsvith the same
Yv. HereDy is notationfor whichmarkerghatareinheritediBD (from themutated
founder)for the individualswithin subsetv. As ¥ consistsof subsetsf size 2,
Yy cantake only four possiblevalues,Yy = (0 0), Yy = (0 1), Yy = (1 0) or
Yv = (11). ThusLR(x;V) mustbe calculatedfor eachof thesefour casesand
for eachpermutationonly the multiplication over all subsetsn ¥ remains. The
complexity is thus O(m?(4K24 4+ Q)). Sincetypically Q > 26K the complexity
become@(sz). To estimatePZ,,,x, PLOD scoreis calculatedat severapositions
Xi, i =1,...,Nx within the interval [0, 1], and PZnax = max—1,_n,PZ(X). As
the PLOD scoreis calculatedseparatelyat eachposition, the total complexity is

O(MPQNy).

6.3 Software

The algorithmsfor simulationandcalculationof the LOD andPLOD scoreshave
beencodedin Matlab. The algorithms,with inbuilt documentationare available
uponrequesfrom theauthors.

7 Simulation Study and Real Data Analysis

To evaluateheperformancef theproposed- OD andPLOD scoresve carriedout
simulationstudiesandareal dataanalysis.

7.1 Simulating from the AscertainedARG

As previouslypointedout, the ascertained\RG is a powerful tool for simulation
of case-controbamples.For a prescribechumberof casesand controls,the mu-
tational statusfor eachof a person’stwo allelesat the diseasdocusis simulated
conditionalon the person’sdiseasestatus,accordingto (6). By simulationof re-
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combinationsandcoalescencef mutatedandwildtype lineagessuperimposety
neutralmutations,the markerallelesare obtained. Simulationsin this subsection
areobtainedunderthe simplificationsin Section5. Thenall coalescenceventsare
deterministicandthe only recombinatioreventsthat needto be simulatedarethe

nearestecombinatiorevents. _
As anexampleof acommonlyusedgeneticmodel,we accountfor simulations

with multiplicative penetrancandbinary phenotype.With genotyperelativerisk
ratioA, we havey/yo = Yo/ 1 = A, wherey; is the probability thatanindivid-
ualwith j diseaseallelesbecomesaffected.(Thenyy; = y; for all caseqY, = 1)
andyy; = 1— yj for thecontrols(Y, = 0).) The markersareequispacedh thein-
terval [0,1] (with x; = 0,...,xx = 1), with minor markerallelefrequencyfy = 0.5
at all markersk = 1,... K. Fromthe foundergenerationuntil today, the marker
mutationrateis gx = g = 0.001andrecombinatiorratein theintervalisp = 1.5. In
all simulationsin this subsectiornthe diseasdocusis positionedat T = 0.36, which
is not a markerposition. All parameteraluescanbe chosenarbitrarily, although
theirvaluesaffectthepowerto detectassociationConsideringnutationghatarose
typically somehundredyenerationago,themutationrate0.001permarkeris unre-
alistically high for SNPs but still doesnotunderminethe performancef our LOD
score.On the otherhand,the markerallele frequenciesfy = 0.5 areunrealisticto
our favour. The accompanyinglecreasén samplesize,thatis madepossible,is
welcomefor the computerdemandingtudiesof powerthatwe presenhere.How-
everit doesnot changethe fundamentabehaviourof the LOD score,comparedo
arbitrary markerallele frequencies.We further testour algorithmsfor parameter
valuesthatdo not fulfill all conditionsof the approximation.In particular,the dis-
easallelefrequencyis too highin thefirst simulation,andin thatway moresimilar
to whatis assumedn realstudies.(To pick up association$or diseasesvith weak
penetrancevould needunrealisticallylargesamplesf the diseasallele frequency
wasvery low.)

Eachsimulateddatasetis analyzedwith the LOD score(19) and/orPLOD
score(23), thelatterwith subset®f my = 2 individuals. (For somedatasetseither
of themethodss unfeasibledueto thecomputationatiemand).To evaluateheper-
formancethe p-valueof theteststatisticZay is foundby permutatiortesting(3).

7.1.1 Comparisonswith SingleMarker Tests

Forcomparisorwe alsocalculateda globalp-valuebasedn carryingout Cochran-
Armitage testsat eachmarkerk = 1,...,K. The global p-valueis calculatedin

a similar way to the LOD and PLOD p-values(3), i.e. the observedmaximum
Cochran-Armitageeststatistic,overthe K markersjs comparedo the maximum
valuesobtainedunderthe null (outcome-permutedjistribution.
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7.1.2 LOD Scoreand PLOD Score

In threeindependensamplesof 200 casesand 200 controlsat K = 5 markers,
the diseaseallele frequencywas p = 0.2, relativerisk ratio A = 3, and baseline
prevalenceapy = 0.0001. Figure5 displaysthe LOD andPLOD scoresof thethree
datasets,eachcalculatedat Ny = 20 equidistantocationsinterior of [0,1]. To be
ableto detectassociationsvith a p-valueassmallas10~4, 100000permutations
wereperformed.

For the LOD score,the associationis very clearly pickedup by Zmax, andfur-
therit is clearthatthe largestZ(x) is found closeto the true maximumt = 0.36.
Althoughthe shapeof the PLOD scorecurveis similar to thatof LOD score with
its maximumcloseto t = 0.36, the p-valuesare considerablyhigherfor PLOD.
The p-value calculationsfurther showthat permutationtestingis necessarysince
the asymptoticx2-approximation(in which caseLOD=3 correspondso p-value
0.0002,which is commonlyusedto establisHinkage)is not valid neitherfor LOD
nor PLOD. Global Cochran-Armitageestsyielded p-valuesof 0.00028,0.13032
and0.00329%for thethreedatasets.For all threedatasetsp-valuesaresmallestfor
the LOD score.For two of the threedatasetsthe p-valuefrom the PLOD scoreis
smallerthanthe Cochran-Armitagéest.

Fortheseconasimulateddataset,presente@bove were-calculated OD scores
undermis-specificatiorof diseasallele frequency,p, andrecombinatiorrate, p.
NeitherthePLOD (correctlyspecifiedparametevalues)northe Cochran-Armitage
test providedsignificantevidenceof associatiorfor this dataset. We wantedto
seewhetherthe LOD scorecould out-performthesetwo testsevenunder mis-
specificationof nuisanceparametersWe recalculated.OD scoresmis-specifying
eachparameteip andp, one-at-a-timeby multiplying the true parameteralueby
factorsof bothlessthanandgreaterthanl. Resultsaredisplayedn Figure6. The
p-valuesremainunder0.01underall four parametemis-specificationsMaximum
LOD scoresalsoremaincloseto thetrue diseasdocation.

7.1.3 Power Calculations

To estimatethe power of the testswe haveperformedtestsfor multiple simulated
datasets.Theresultsareplottedasa ReceiverOperatingCharacteristi¢qROC), i.e.
powervs. significancelevel, seee.g.Bradley (1996). For eachof N independent
simulationsfrom the geneticmodel,a p-value @i, i = 1,...,N, is estimatedrom
the resultsof Q randompermutationsasin (3). The power 3 asa function of a
couldthenbeestimatedy Monte Carloas

2

1

B(a) = N2 Lai<a)
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Figure5: LOD andPLOD scorecalculatedor threesimulateddatasets,at Ny = 20
positionsalong|0, 1]. The geneticmodelis multiplicative penetrancevith relative
risk 3, diseasallele frequency0.2, markerallele frequencyfy(1) = 0.5 andmuta

tion probabilitygx = 0.001k=1,...,5. 200casesand200controlsweresimulated
andanalyzed.Within columns,LOD andPLOD are calculatedfor the samedata
set,andquantilesareestimatedvith thesamerandompermutationsThehorizontal
linesshowthe critical limits for Zyax for differentsignificancdevelsa (displayed
ontheright y-axes).Marker positionsareindicatedwith dotted,verticallines,and
thetruediseasdocationt = 0.36 with asolid verticalline.

The ROC displayedin Figure7 is an estimationbasedon 100 simulateddata
setswith K = 10 markersfor 200 casesand 200 controls. The model parameters
wereA =2, p=0.1andyp = 0.0001.Eachp-valuewasestimatedrom Q = 10000
permutationsandthus p-valueslargerthan10-3 couldbe estimatedaccuratelyTo
cut down computationtime for the ROC, while not alteringthe testperformance,
Z(x) andPZ(x) wereonly calculatedfor x = 0.2,0.3,...,0.6, i.e. Znax and PZy
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were basedon (P)LOD scoreat Ny = 5 non-markerpositionsaroundr. We also
constructedROC curvesfor LOD scoresunder mis-specifiedvaluesof p and p
(indicatedasLOD(p=0.3),LOD(rho=3) and LOD(rho=0.75)in Figure7. We did
this in orderto confirm thatthe robustnes®f the LOD scoreto mis-specification
of parametewaluesextendsmore generally,beyondwhat was observedfor the
exampledatasetusedin Figure6. As theLOD score(with or without mis-specified
p, A) hasasteepeROCfor smalla it hasbetterperformancehanboththe PLOD
scoreandthe (global) Cochran-Armitagdest. The power of the PLOD scoreis
similar to the power of the Cochran-Armitageestin this example. Despitethe
relativelyweakmodel,all teststurn out positivelyin acomparisorwith thebaseline
powerB(a) = a, correspondingo a testthatcannotdiscriminatebetweerHy and
Hj.

As a lastexample,Figure 8 displaysthe ROC for PLOD scorefrom 100runs
with Q = 10000permutationdor the samegeneticmodelasin Figure7 (p = 0.1,
A =2andyp = 0.0001). Thedatasetnow consistof K = 25 markerdor 200cases
and200controls.PZ,. is calculatedrom PZ atthesameb positionsin thevicinity
of 1, asin Figure7. The LOD scoreis not computationallytractable,but to use
all 25 markersis possiblewith the PLOD scoreapproximation.Comparisorwith
Figure7 showsthatthe performanceof PLOD scorehasimproved,but thatit still
givesworseresultsthanLOD-scoredid with K = 10 markers.In othersimulations
with higherdiseasallele frequencyp = 0.2 the quality of PLOD calculatedfrom
K = 25 markersalmostmatchedthat of LOD scorewith K = 10. For situations
wherecalculationof LOD-scoreis not feasible PLOD-scorecould be a potentially
usefulapproximationaslong asthenumberof includedindividualsis nottoolarge.

7.1.4 Time Consumption

Table 2 containsthe meancomputationtimes for the accounted.OD and PLOD
scores.Computationsvereperformedon oneof the processorsf a fastcomputer,
aAMD Athlon(tm) 64 X2 Dual CoreProcessob000+with 2.6GHzprocessoand
totalmemory2GB.

Thecomputatiortimesincludepermutatiortesting,andalthoughhighly depen-
dentonthecomputeused theydemonstratéhatthetestsarefeasibleevenfor quite
large datasetswith manymarkers.Thereis potentialfor considerablelecreasén
computatiortime if implementations donein aprogramlanguageinsteadof Mat-
lab. We are currently working on an implementationin Fortran. A comparison
betweenthe empirical resultsand the theoreticalcomplexity calculationsof Sec
tions6.2and6.1revealsguitelargedeviations.We believethis is mainly anartifact
of memoryconstraintsyhich preventus from propervectorizationof the codefor
the permutatiortestof the PLOD score.Also this would be avoidedin a program-
ming languagehatis effectivefor heavycomputations.
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Figure6: LOD scorescalculatedfor the secondsimulateddatasetunderthe ge-
neticmodeldescribedn Figure5 (column?2). Thatis, p=0.2andp=1.5for thetrue
geneticmodel. Columnsl and?2 displayLOD scorescalculatedundermisspecifi-
cationof p (0.7,3)andp (0.05,0.4),respectively.
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Figure7: EstimatedROCcurvescalculatedrom N = 100 p-values eachcalculated
from Q = 10000permutations.Geneticmodelis multiplicative with relative risk
A =2, diseasallelefrequencyp = 0.1, K = 10, p = 1.5, markerallele frequency
fc(1) = 0.5 andmutationprobability gx = 0.001k = 1,...,10. 200 casesand 200
controlsweresimulatedandanalyzed.

Table2: Meancomputatiortimesfor differentsamplesizes. Themeancomputation
timesfor LOD andPLOD aremeasuredn seconds.

parameters time (s)
m K Ny Q LOD | PLOD | Figure
400 5 20 100000| 150 | 61000 Figure5
400 10 5 10000 || 1000| 1600 | Figure7
400 25 5 10000 — 1800 | Figure8

7.2 Simulating from an Alternative GeneticModel

To assessvhetherour ascertained\RG LOD scorecanperformwell undera mis-
specifiedgeneticmodelwe performeda small simulationstudy. We usedthe soft-
wareMS (Hudson 2002)which simulateshaplotypesinderaWright-Fishemeutral
modelof geneticvariation. Sincethis modeldoesnot providean automaticmech-
anismto simulateundernon-randonmascertainmentye deployedan extralevel of
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Figure 8: EstimatedROC curvefor the PLOD scorecalculatedirom N = 100 p-

values.eachcalculatedrom Q = 10000permutationsGeneticmodelis multiplica-
tive with relativerisk A = 2, diseasallelefrequency0.1,K = 25, p = 1.5, marker
allelefrequencyfy(1) = 0.5 andmutationprobabilitygy = 0.001k=1,...,25. 200
casesaand200controlsweresimulatedandanalyzed.

simulation (of phenotypes}o mimic case-controsampling,the study designon
which our ascertained\RG modelis based.Specificallywe simulated6000 hap-
lotypesundera modelwith mutationparametewvalue equalto 10, crossoverate
parameteequalto 100, numberof sites=10000qusingthe parametersiefinedin
MS; Hudson,2002). After standardisinghe regionlengthto a [0,1] interval we
selectedhe segregatingitewithin theregion[0.35,0.65which hadthe MAF clos
estto 0.2, asa diseasdocus. Haplotypesweregroupedin pairsto represenB8000
individuals, whosecase-controphenotypewas simulatedfrom the diseasdocus
genotypewith penetrancegy = 0.25, /1 = 0.38andy, = 0.53. Tenmarkerswere
thenselectechsthe SNPs(MAF>0.03andexcludingthe disease&SNP)which were
closestto positions0.05, 0.15, .., 0.95. From the pool of 3000individuals, 500
casesand500 controlswerethenselectedandomly. Tendatasetsweresimulated
in this manner. LOD scoresand Cochran-Armitagdest statisticswere estimated
usingthe final (simulated)datasetsof 1000individuals. For both tests,p-values

werecalculatedbasedon 100000permutationsFor calculatingthe LOD scorewe
assumednuisanceparameteraluesof p = 0.05, p = 1, u = 0.0005, Yo = 0.05
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andA = 1.8. LOD scoreswerecalculatedat 10 locations,spacedegularlyacross
the[0,1] region. ResultsaredisplayedasROCsin Figure9. Althoughthe number
of simulateddatasetsis small, it is reasonabléo concludethatthe associationest
basedon the ascertainedARG can comparefavourablyto the (global) Cochran-
Armitagetestevenundera mis-specifiedgeneticmodel.
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Figure9: LOD scoreand Cochran-ArmitaggC-A) testresults,presenteds es-
timated ROC curves,for ten datasetssimulatedunderthe neutral Wright-Fisher
model.

7.3 RealData Analysis

During 2007two (independentyyenomewide associatiorscangHunteretal., 2007
and Eastonet al., 2007) identified SNPsin the FGFR2 (Fibroblastgrowth factor
receptor2) geneto be associatedvith the risk of developingbreastcancer(e.g.
rs2981582vith 95% confidencdnterval for the per allele OR estimatedas (1.23-
1.30); Eastonet al., 2007). We presentherean analysisof SNPsin this gene,for
400Swedishpostmenopauséireastaseand400healthySwedishcontrols. These
casesaandcontrolsarepartof anongoinggenome-widassociatiorstudyandhave
beenselectedandomlyfrom a largersampleof womenwhich hasbeendescribed
in detail elsewherg Einarsdattiret al., 2006). We first selecteda region of ap-
proximately160,000basepairs,within anddownstreanof FGFR2,containing38
SNPs. The p-valuesfrom Cochran-Armitagdrendtestsareplottedin Figure 10a.
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The smallest(marginal)p-valuewas0.0014,for rs1219648.The resultsfrom this
subsetof individuals closely resembleghosedisplayedin Figure 2 of Hunter et
al. (2007). We evaluatedbur ARG LOD scorefor awindow of 10 adjacentSNPs,
within which Cochran-Armitagdestresultsshowthe strongessignal of associa
tion, bothin our dataandin Figure 2 of Hunteret al. (2007). We evaluatedhe
LOD scoreat 19 equidistantiocationswithin the selectedregion, assuming(nui-
sanceparameteraluesof p=0.2,p = 0.8, u = 0.0001,yp = 0.005andA = 1.3.
We obtainedglobal p-valuesof 0.0102and0.0029for testsbasedon the Cochran-
ArmitageandLOD scoresrespectivelyResultsaredisplayedn Figure10.
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Figure 10: LOD scoreand Cochran-ArmitaggC-A) testresultsfor association
betweenSNPsin FGFR2andrisk of postmenopausdireastcancer. LOD scores
areevaluatedvithin aregion,standardisetb [0,1] in (b), whichis indicatedin (a).

8 Discussion

8.1 Summary

In this article we havedefinedan ascertainedersionof the ARG, involving two
subpopulationsf mutatedandwildtype chromosomesWe havedevelopednovel
asymptoticschemefor suchARGSs, conditioningon time of diseasemutationG
andsubpopulationsizes,countingtime in unitsof G generationsThe ascertained
ARG definesageneraframeworkfor chromosomevolutionof agivensampleas
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it handlesarbitrary geneticmodels,adaptso markerallele frequenciesand copes
with neutralmutations.The modelallowsfor varying but fixed populationsizesof
the mutatedandwildtype populations.

As a major applicationof the ascertainedARG, we have shownhow it can
be usedto calculatelikelihood andLOD scoresj.e. we usethe ascertainedARG
directly for multipoint gene-mapping.The mappingproceduredoesnot require
known haplotypephase.Undercertainmodelingassumptionsthe LOD scorecan
be computedexactly, without Monte Carlo approximation,and p-valuescan be
calculatedbasedn permutatiortesting. Thecomputationaspeedupsare,to alarge
extent,basedon aHMM algorithmfor subset®of mutatedchromosomesassumed
to evolveaccordingto Markov chainsacrossmarkers.

8.2 Extensionsof the ProposedLikelihood

Someof our regularityconditionsare morerestrictivethanin otherpapersasdis-
cussedn Sectionl. We mentiona few possibleextensionghat shouldbe investi-
gatedin moredetailin futurework:

A) Onedeficit with our modelis thatthe nuisanceparameters, includingthe
recombinatiorratep, haplotypefrequencied andmutationratesu mustbe setby
themodeler.In mostreallife situationstheseparametergarenot known,andmust
in this casebe estimatedeforetheanalysids performed.Thus,themostimportant
extensiorof our methodwould beto includeestimationof the nuisancgparameters
that are treatedas fixed but unknownand integrateover thosethat are treatedas
random(hiddenvariables).

Of the parametergivenin Figure 2, we now arguethat £, and u shouldbe
random. Thereasonwhy we havetreatedthemasfixed is the conditioningon the
ageG of the diseasecausingmutationaswell assubpopulatiorsizes{Nuy} and
{Nwu}. This simplifiestheform of <7|.# alot becausef its Markovianstructure
backwardsn time. An alternativeapproachwould be to conditiononly on total
populationsizes{N,}, treatingG, {Nwy} and {Nwy} asrandom. Wiuf and Don-
nelly (1999)derivedthedistributionof the coalescencaee 7 (1)|.#, in ahaploid
framework.It would beinterestingo extendtheir resultsto diploid populationsand
ARGs. After switchingto continuougime, this essentiallycorrespondso usinga
likelihood

@4 PalY) = [ P(lY. & W)AP(E.r ).

sinceé,, andu arethe only nuisanceparametershatareaffectedby the mutation
ageandpopulationsizes.With assumptiongx)-(xii), (24) simplifiesfurtherto

(25) PealY) = [ P(alY. p.)dP(p, )
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Now L(x) = L(x;p, 1), wheread («) = L(oo; ). If we treatu asa constantand
only vary p in (25),wefind thatthenull likelihoodis constantgiving usalod score
which generalize$2) as

(26) Z(x) =logyo [ LR(:p)dP(p).

whereLR(x; p) computedasin Section6. For instance,usinga finite grid of p-
valueswe only haveto sumoverafew termsin (26).

B) We alsoassumediii), thatnoneof themarkerloci arecausafor thedisease.
Althoughcomputationsvill not collapsef LOD scoreis calculatedat markerloci,
therewill in generabeadiscrepancyetweendiseasallele frequencyandmarker
allelefrequencythatwill hampertheresults.More precisely,evenfor calculations
at a markerlocus, the proceduredoesnot requirethat exactly the chromosomes
with diseasemutationshouldhavea certainallele. We are currentlyinvestigating
extension®f our mappingprocedurevhent = x is assumedor somek.

C) Multiple diseasanutationsat T couldbetreatedoy generalizingi) andcon-
sideringM disjoint subpopulation®f mutatedchromosomesgescendedrom M
foundermutationsb — Bs (with possiblydifferent penetrancdunctions)Gs gen
erationsbackin time,s=1,...,M. The computationacomplexityin Section6.1
increasegrom mK 2K to mK2VX | sincewe haveto conditionon M distinctfounder
haplotypes.The statespaceof the hiddenMarkov chainin AppendixF is enlarged
slightly, sincewe needto keeptrack of the varioussubpopulatioins.

D) We haverequiredbackgroundLE in (xiii) for two reasons;t allows fast
computatiorof thelikelihoodfor unphasedata(AppendixE) andit givesaproduct
structurewhen computingS in (A.10), which is neededfor the HMM algorithm
of AppendixF. An extensionwould be to model backgroundLD in the current
generatiorasa first orderMarkov chain(seee.g.Liu etal, 2001andMorris etal.,

2002).Assumingphasediataandalikelihood Px(h|Y) this givesallikelihood ratio

" +
n F(hyerpalhi-) I_I:j:kif P(hik|h)

L(h,D) = 1~ ’
il:l HE:JI;} f (hi[hj k—1)

wherek andk' arethe left and right handend points of the i row of D. In
Section6.1, the resultinglikelihood ratio LR(x) canbe computedoy meansof an
HMM algorithmwith statespacepairsof mutatedsubsetstneighbourindoci. The
computationatomplexityis still proportionalto mK2X, but with a largerpropor-
tionality constant.
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E) Theperhapsnoststraightforwardvay of relaxingthe startopologyassump
tion of the ARG atthediseasdocusis to retain(x)-(xi) butrelax(xii) andallow for
um(t) > 0. This happensfor instancejn Examplel whena <« b+ c andc > 1.
TheresultingcoalescencteeT (1) is thensimilarto the unshatteredersionof the
casechromosomeopologyin Morris et al. (2002). This implies that the nearest
recombinationeventsare no longerindependentseeMcPeekand Strahs(1999).
As a result, the expansion(20) of the likelihood ratio is no longervalid. Hence
someapproximationof the lod score,suchasthe plod score,is necessary.An-
othercomplicationis that the Markov property(A.12) of mutatedsubsetss lost,
andtheHMM algorithmof AppendixF cannotbe appliedwithout somemodelap-
proximations.A possibilityin this casewould beto employthe SequentiaMarkov
CoalescentSMC) of McVeanandCardin(2005),whichis anapproximatiorof the
ARG thatis Markoviannotonly in time but alsoalongsequences.

F) Therarediseasallele condition(x) is imposedn orderto assurehatD, the
setof markersnheritedfrom the ancestramutatedhaplotype hasconnecteaows,
cf. (11). It is notneededor assuringhatthe numbemy,o of mutatedchromosomes
is small. Relaxationof (x) would requirea generalizatiorof the Markov process
alongsequences AppendixF to handletransitionsback andforth between 7
and#, perhapaisingthe SMC mentionedunderE).

8.3 Importance Sampling

In Section8.2, we discussedelaxing one regularity condition at a time. With-
out any of the the model approximationsof Section5, exactlikelihood compu-
tation (5) is not feasible, becauseof the dauntingsummationover hidden data
H = (h,W, o, .#5). With importancesamplingwe usea proposaldistributionP,,

for H andwrite
P(g,H[Y)

Lx)=y == ——"By(H
(X> Z Ppr<H> pr( )7
which is approximatedwithout bias,by

|:(X) _ l 2 Px(g; Hi ’Y)

Q i= Ppr(Hi) ’
where{H;} is arandomsamplefrom B,.. The optimalchoiceR,(H) = P(H|g,Y)
is not feasibleto samplefrom, butit is crucialfor B, to be closeto this optimum.

Larribe et al. (2002) employ, within a full likehihood frameworkP(Y,qg), a pro-
posaldistributiondueto Griffiths and Tavare(1994). More accuratechoicesof B,
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havebeensuggestethy StephenandDonnelly(2000)andFearnheadndDonnelly
(2001,2002)n othercontextsthandiseasdocustesting/estimationAn interesting
topic would beto extendtheir algorithmsto our framework.

8.4 BayesianApproach

Letting x (andpossiblythewholeor partof &) berandomwe canusethelikelihood
L(x) for computingthe posteriordensity

(27) P(x|g,Y) = ZP(X, H|g,Y)dH O L(x) OLR(x),

whenthe prior of x is uniform, seee.g. Rannalaand Reeve(2001), Morris et al.

(2002)andZzoliner andPritchard(2005). The Bayesianmappingprocedurebased
on (27) is fasterthan (3), sinceno permutationprocedureis neededfor p-value
computation.The Bayesianapproachs also more suitablefor diseasdocusesti-
mation,usingcrediblity regionsdefinedfrom the posterior.On the otherhand,the
pointwise p-value (3) is morerobusttowardsmodel misspecification.We notice
that,for eachfixed x, themarginaldistributionP(H|g,Y) is identicalto theoptimal

proposaldistributionin Section8.3.

8.5 IBD-BasedHaplotype Similarity Measures

As mentionedn theintroduction,a pairwiselBS-basedsimilarity betweerhaplo-
typescanbe usedfor haplotypeclusteringand genemapping. One applicationof
ARGsis to definealternativelBD-basedhaplotypesimilarity measures We have
recently,in Hartmanet al. (2008), usedan alternativehaplotypesimilarity metric
basedn eitherof thetwo IBD-sharingprobabilities

P(iy andi IBD att|hi;,hi,) = P(i1,i2 € #olhi,hi,),

(28) P(ip andi; IBD att|h) = P(iy,iz € .#lh)

betweenChromosomes; # i,. In bothequalitiesof (28) we assumehatno wild-

type chromosomesoalescei.e. that iy (-) = 0. Then,the only way in which the
two chromosomesouldbelBD is thattheybothdescendrom the mutatedounder
chromosome.

8.6 LD Simulation

For the purposeof simulationfrom an ARG (with slight approximationsjhereare
varioussoftwareavailable seee.g.Hudson(2002)andMarjoramandWall (2006).
Thesimulationgncluderecombinationsindneutralmutationsandcanbemodified
to adaptto varyingrecombinatioror mutationrates.Thus,therearegoodmethods
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to generateandomsamplesfrom a population. However,thesealgorithmspro-
vide no goodway to obtainthe kind of highly non-randomsampleghatare used
for case-controbssociatiorstudies,linkage-disequilibriummappingstudiesand
othergene-mappingurposes.We thereforebelieveone importantapplicationof
our ascertained\RG is simulationof haplotypedatah conditionalonY. This can
be achievedby first simulating.#, conditionalonY, then.ey conditionalon .y,
h conditionalon ng = ng(<) with specifiedfounderhaplotypefrequenciesand
finally h conditionalon < andh’. In this way we mimic a non-randomsample
wherechromosomesgarrying a diseasemutationtendto be more closelyrelated
thanchromosomesot carryingthediseaseandthusalsomorecloselyrelatedthan
the populationas a whole. Ascertainmentorrectedsimulationhasearlier been
proposedy Zollner andvon Haessle(2000) andrecentlyby WangandRannala
(2004,2005)whosemodelsshowlargesimilaritieswith theonewe propose.Justas
in this paperthemodelof WangandRannalg2005)handlesncompletepenetrance
andgenotypedata.Howevertheyusediscretegenerationsandaccounfor varying
or stochastiadiseaseallele frequencies.This could alsobe incorporatednto our
ARG, by first generatinghe randomdiseaseallele frequencies{p(t);0 <t <t}
andthengeneratinges’ conditionalon p(-), similarly asin (24). Thatthe disease
locusof Zoéliner andvon Haessler(2000) and Wang and Rannala(2004,2005)is
assumedo beonthesamesideof all markersjs probablyeasyto generalizéo our
approachwith markerson both sidesof the diseasdocus. Furtherthe SNPloca
tionsaresimulatedaspartof the procedureywhereaoursappeant predetermined
positions.This simplerapproachallowsresearchersterestedn a specifiedregion
to choosethe markerlocationsamongthe SNP locationsin the humangenome,
which arenowadayseasily available,e.g.from the HapMapproject(The Interna
tional HapMapConsortium2003).

Appendix A: Markov Property of o |.#¢ in Discrete Time

To showthatwe havea Markov propertyof .«7|.#, backwardin time we by intro-
ducingonemoreconditionof randommatingforwardsin time:

(ix) Foru=G,G—1,...,1, in formation of Generationu — 1, thereareN,_1/2
randommatingstaking placebetweenthe N, /4 malesand N, /4 femalesof
Generatioru, conditionedon the following: The numberof producedmales
andfemalesareequal,N,_1/4, andthe genotypefrequenciest the disease
locuswithin boththefemaleandmalesubpopulationsf Generatioru— 1 are
g2_, for genotype(bb), 2p,_1qyu-1 for genotype(Bb) andp?_, for genotype
(BB), whereq, = 1— py andpy—1 = Nm,u—1/Ny-1.
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Condition(ix) givesadiploid Wright-Fishermodelfor a populationwith two sub-
populationgmutatedandwildtype) with known varying populationsizes. A con-
sequencef (iii) is thathalf of the B-allelesof Generatioru arein femalesandhalf
in malesforall 0 <u < G.

It is well knownthatthe ordinarydiploid Wright-Fishermodelsgivesriseto a
Markov chainbackwardsn time for mutationsandrecombinationsseee.g.Nord-
borg(2001)andNordborgandTavaré(2002).We now modify thesecalculationgo
our frameworkof two diploid subpopulations.

Supposdherearek > 2 mutatedand| > 2 wildtype chromosomesancestrato
the given samplein Generatioru — 1, where2 < u < G— 12, Let R bethe event
thatanyof thek+1 linesrecombinesCy, the eventthatat leasttwo of the mutated
chromosomesoalesceandCy the eventthatat leasttwo of the wildtype chromo-
somescoalescevhen going back one generationin time. Sincerecombinations
areindependenbdf the randommating for eachgenerationand Hardy-Weinberg
equilibriumis keptwithin malesandfemalesof eachgenerationit follows thatthe
probability of no coalescencer recombinatioreventis

P(R*NCy NGy) = P(R")P(Cj NGy) = P(R)P(Cy)P(Giy) (1 +O(N; ),
whereR" is thecomplemento R, etc. Whenk = 2, we noticethat

NM.,U*]./Z_ 1
(NMu-1—1)

where(Nw u-1/2—1)/(Nw u-1— 1) is the probability thatthetwo distinctmutated
alleleshave parentsof the samesex, A is the eventthat two different alleles of

Generatioru — 1 thatoriginatefrom a parentof the samesexin Generatioru also
originatefrom the sameparentandthe samegrandparentadllele within thatparent
andM is the eventthattwo randomlychosermallelesof Generatioru — 1 areboth
mutated. We further introducethe eventsH; that the parentof Allele 1 hasi B-

alleles,i =0,1,2. Then

(A.1) P(Cm) = x P(A|M) = 0.5P(AM) +0o(N, %)),

P(AIM) = P(A|H1, M)P(H1|M) + P(A[H2, M)P(Hz|M).

Without loss of generality,assumehat the two alleleshavemale parents. Since
thereis Hardy Weinbergequilibrium within the male populationof Generation

u, it follows that P(H;) = 2pyqy and P(Hz) = p2. FurtherP(M|H;) = 0.5 and

2The computatiorof coalescencerobabilitiesis slightly differentwhenu = 1, dueto the con-
staintthat the n sampledchromosomesre from m pairs of individuals. Likewise, for u = G the
Hardy-Weinbergcondition of the parentalgenerationis not fulfilled. However, omitting a finite
numberof generationdiasno asymptoticeffectwhenG — o below.
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P(M|H2) = 1, sinceboth allelesof a parentare (unconditionallyon mutationsta-
tus) equallylikely to betransmittedo the nextgenerationHence by Bayes’'Rule,
P(H1[M) = qu and P(H2|M) = py. Given that an allele of Generationu — 1 is
mutated,the probability that a given male of Generationu (out of all Ny/4 pos-
sible) is its fatheris c/(Ny/4) = 2P(A|H2, M) if the fatherhastwo B-allelesand
0.5¢/(Ny/4) = P(AJH1,M) if the fatherhasone B-allele. To determinethe pro-
portionality constantc, we notice that the numberof maleswith two B-allelesis
pﬁ -Ny/4 andthe numberof maleswith oneB-alleleis 2pyqy - Ny/4. Hence

c 0.5c 1

Nu/4+2puquNu/4‘7 1<1:>C: pU .

N _
PuNu/4 Nu/4

Puttingthingstogetherwe find that

2 2 2

PIAIM) = I\|upuqu_|_ NuPu Pu= Nmu

Insertingthis into (A.1) we obtain a coalescenc@robability P(Cy) = 1/Nwy +
0(1/Ny). Fork > 2, let Gj; denotethe eventthat chromosomes and j coalesce.
Then

a2 POW = P(UiicjacCi) = Tacic=PGi) +0o(Ng)

(5)/Nmu+0(N; ),
sincethe probability thatmorethantwo lines coalescet the sametime hasproba-
bility o(N;1). In the sameway, oneshows

I _
P(O) = () N+ o),
Sincethel + k chromosomegsecombindndependently,
P(R)=1—(1—r)*.

Giventhatarecombinatioroccursat X duringformationof Chromosome of Gen

erationu— 1, let e; ande, denotethe two parentalchromosomesf Generatioru

thattransmittedmaterialalong [0, X) and[X, 1] to e respectively.Then,the parent
transmittingr musthavethe samemutationstatusase, whereaghe otherparentis

selectedandomlyfrom one(maleor female)half of thepopulationwith probability
pu of beingmutated.Hence
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pler€ #Zle€e #) = Lixsr+ Pulix<r),
(A.3) plexe.Zlec #) = Pulix>ty + 1x<o,

plere.Zlec %) = pulx<r}

peeAlee?) = pulixsr-

Appendix B: Markov Processand Ratesof .o |.#, in Continuous Time

Supposéhereare k mutatedand| wildtype lines attime 0 < tp < 1 (Generation
[toG]). Then,from the discretetime analysisof <7 |.#y, it follows thatthe proba-
bility thatno coalescencer recombinatioreventoccursupto timet; (to <t; < 1)
is

t1G]

u=[toGJ+1 ((1_ (5)/NMU> <1— (lz)/NWU> (1- f)kH) +0(1)
. exp(— JE(()Am(s)+ ('Z)AW(S)+(k+I)p)ds>

asG — o, using(10) in the laststep. Sincety andt, arearbitrary,recombination
and coalescenceventsoccur accordingto a Markov processin continuoustime
with ratesasspecifiedin Section4. Moreover,if arecombinatioroccursattimet,
theprobability of theleft andright handparentalinesbeingmutatedor wildtype is
givenby (11), which corrresponds$o (A.3) with p(t) insteadof py. O

Appendix C: Definition of D in Terms of NearestRecombination Events

Accordingto (11), Condition (x) implies that the setD of mutatedsites (i, k) is
a connectedegion,whoseboundaryto the left andright is definedusing nearest
recombinatioreventsasfollows: AssumethatHj holds,andlet x, < x < Xy, 1 for
somekg =0,1,2,...,K. (We putxg = — andxg 1 = o to makeky well defined
evenwhenx < x; orx > xk.) Foreachi € ., considetthei-lineageof .7 (x) from
t =0 backtot = 1. It is a union of severaledgesalongthe ARG. Eachjunction
betweerntwo suchedgescorrespondso a recombinatiorevent.Let X~ andX* be
therecombinatiorpointsto theleft andright of x thatarenearesto x. (If thereare
no recombinatiorpointsto the left of x we put X~ = —eo andsimilarly X, = oo if
thereareno recombinatiorpointsto theright of x.) Then

D = {(i,k), i € .#pandeitherx, > X~ for k < ko

(A-4) orx < X for k> ko+1}.
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Appendix D: Derivation of (14)

Thefirst stepin simplifying (5) to (14) is to simplify the expressiorfor P(h|.«7,h’)
in (9). Conditions(x)-(xii) imply that.7 (x) is aunionof disjoint straightlinesfor
all lineages suchthat(i, k) ¢ D andaremainingtreewith startopology,connecting
all edged with (i, k) € D sothattheyall coalescattimet = 1, seeFigure4. Hence

(A.5) P(hi«,)= T[] P(hilhi)- [T Phiclhju0),
(ik)eD (ik)¢D

wherejix # J is thefounderchromosomeancestrato (i, Xy). Using(xiv), we obtain

(A.6) P(hik’h/jk> =(1- qk){hik:hljk}qihik#hjk},

whereq is the mutationprobability at x.
Wethensumoverhz_J) = {h’j; j # J}, use(A.5), theLE condition(xiii) and(8)
to deduce

A7) P(ID,N) = 3y, P(hle, W)P(h_y)|)

= Mikep Pk - Mikeo fi(hiv)
wherefy arethe allelefrequencieslefinedin (18).

We obtain(14) by summingovervariousvariablesn (5) in thefollowing order:
Firstwe sumoverh’(ﬂ,), asin (A.7), thenoverall o7 suchthatD (<) = D and.#,
noticingthat

R(DJY) = | P | Ao)P(Ao|Y) = ;Px(m//o)':(///om,
D'(,;?.{;):OD 0

and,finally, we sumoverh, h" andD.

Appendix E: Derivation of (17)

Let 2# = {h; h ~ g} consistof all haplotypesconsistenwith genotypedata. We
obtain 27 by switching all heterozyQOUSites(i,’k) with the homologousonein

H(i+1)/2k- Thisis doneindependentlyfor all pairsof heterozygousites,so that
|.#| = 2I71/2, Hence,(16)implies

P(h|l, D)
L()

A.8 LR(W,D) =
(A.8) (', D) hezjf
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SinceP, (D = 0|Y) = 1, we obtainL () by puttingD = 0 in (A.7), whichyields

(A.9) Lie)= > [] fi(hi) = |7 [ fie(hik)-

heZ# (i k) (i,k)
Combining(A.7), (A.8) and(A.9) we get

/ 1 ( Ik|h )
0,2 I,

Carryingout the last summationindependentlyfor all nonemptypairsH of het-
erozygoussites,we endup with (17).

Appendix F: HMM algorithm for Computing Likelihood Ratio (20) and (21)

ConsiderasetV C {1,...,m} of individuals, let | = Uyey{2v— 1,2v} denotethe
correspondingetof haplotypesDy =DN (I x {1,...,K}) thesetof mutatedmark-
ers(i,k) for chromosomeamongindividualsin V andCy = Cy, the k™ columnof
Dv, k=1,...,K. Underthe assumptiorthat T = x, we will devisea HMM algo-
rithm for computing

(A.10) |‘| Uk (Ck le)

whereYy = {Y,, v € V} andUy(Cy) = Ux(Cy;g) a given function. We will apply
thiswhen

) V ={v}, S=LR(N,Dy,) equalsthe " termof the outerproductin (20) and
Uy the k™" term on the right-handside of (17), when Dy replacesD onthe
left-handside.

i) V=A{1,....m},Yy =Y, Dy =D, S=LR(X) is thelikelihood ratio, expanded
asin (21) andUy thek" termon theright-handsideof (22).

lI) givenV, S= LR(x;V) andUy is the k" term on the right-handside of (21),
whenDy replace®D ontheleft-handside. This caseis ageneralizatiorof 1.

To beginwith, we establisha Markov propertyof {Cy}. Becauseof (A.4), the
columnsof Dy to theleft andright of the (assumedyliseasdocus, {Ck}&:ko and

{Ck},'f:ko +1» evolve astwo Markov chainswith statespaceall subsetsf |. The
two chainsareindependentonditionalon their startingvalues,which dependon
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Uy Ur) Urﬂ UT
R

Figurell: DAG showingthe Markov chain{Cy}, incompletelyobservedy means
of Ux = Uk(Ci).

Cx := N 1. As thechainsprogressCy is non-increasingn bothdirectionswith
Lineagei € | lostatx, whentherearerecombinatioreventsat X~ (X ) justto the
right (left) of xy affectingi.

Since nearestrecombinationeventsoccur as independenfoissonprocesses
with rate pri(-) alongdifferentmutatedi-lineagesijt is easyto seethat {X~ }ic.,
and{X" }ic4 areindependentandomvariableswith

R(X~ <Xl|ie.#oy) = exp(—p [y m(y)dy), 0<X <x.
(A-11) R(X" >Xlie o) = exp(—p f)f, n(y)dy) X< X <1

Let F~ andF* denotethedistributionfunctionsof X~ and X", andput

gk = (F_(Xk>_F_(Xk*l)>/F_(Xk)7 1§k§ k07

e = (F" (1) —F7(%))/(1-F" (%)), ko+1<k<K,
e = F(X)—F (%),

S S )

In words,whenk < ko, rg is the probability of a recombinatiorbetweenx,_, and
Xk giventhatno recombinatiorhasoccurredbetweernx, andx. ry is the probability
of a recombinationeventbetweenxy, andx for a mutatedlineagei € .#. The
interpretationof r for k > kg + 1 andr; is similar. This givesrise to transition
probabilities

= el k=1,....k,

_ rl‘(C|_|C‘(l_rk)‘C/|’ k: k0—|—17...,K,
(r)CICI (A=),
(r:H)C-1C1 (1 — e,

(A.12)  PGe1=CG=C

0

I

Q

0

I
\/\Q\_/ N—

|
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providedC’ C C (otherwisethetransitionprobabilitiesarezero). Define

S(C) = Ex(MI.1Ui(C)[Ck=C), 0<k<Kko,
Ex(MUI(G)IC=C), ko+1<k<K+1.

and
K

S(C) = Ex([]UI(G)[Cx=C).
=1

Then,therecursivealgorithmfor computingS canbeformulatedin termsof S(C),
S(C) andthetransitionprobabilitiesasfollows: Startwith initial conditions

SC) = 1,
SaC) = 1, VC CI.
Then,definerecursivelyfor all C C |
S(C) = YoceS-1(CHUK(C)P(Ck-1=C/|Cc=C),k=1,... ko,
&C) = YoccSqt1(CHUk(C)P(Cyi1 =C|Ck=C), k=K,... ko + 1.

Thefinal two stepsare

SC) = (JoccSe(C)P(Ch, =C|Ck=0C))
(SoccSe+1(C)P(Cp1=C|Ck=C)), VCC |
S = Yca S(C)P(Cx=C|Yv).

In the last stepwe use(7) to evaluateP(Cx = C|Yy). Thetotal complexityof the
algorithmis O(K2!'), where2!'l is the statespacesize.
The HMM algorithm of McPeekand Strahs(1999)is closeto a specialcase

of ours,when|l| = 1. However,theyintroducemutatedallelesasa separatestate
(giving atotal statespacesize2! + 1 = 3), whereasve incorporatemutationwithin
the functionsUy. a
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