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Abstract

Consider a sample of apparently unrelated individuals, for which marker genotype and
phenotype data is available. When individuals are sampled on phenotypes, we propose an
ascertained ancestral recombination graph (ARG) that models shared ancestry of the sample
chromosomes given phenotype data along a region that possibly harbors a disease susceptibility
gene. The ascertained ARG is used to define a gene mapping algorithm by means of a lod score
and associated p-values based on permutation testing. Under certain modeling simplifications, the
lod score and p-values can be computed exactly, without any Monte Carlo approximations, even
for unphased chromosome genotype data. Our method handles incomplete penetrance, varying
marker allele frequencies and neutral mutations, and is based on a Hidden Markov algorithm for
subsets of disease mutated chromosomes. The performance of the method is investigated in a
simulation study and for a real data set from a case-control study of breast cancer.
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Author Notes: The work of Linda Hartman was supported by the Swedish foundation for
Strategic Research (SSF), contract number A3 02:125. The work of Ola Hössjer and Keith
Humphreys was supported by the Swedish Research Council, contract numbers 621-2005-2810
(for O.H.) and 523-2006-972 (for K.H.). We would like to thank colleagues working on the
genetic association study of breast cancer, described in Section 7.3, for data, as well as valuable
comments from the referees.

Brought to you by | Stockholms Universitet
Authenticated

Download Date | 4/20/16 2:28 PM



1 Introduction

1.1 Background

Population-basedassociationstudiesarepopularfor genemappingon a fine scale.
Due to the higher numberof meioseswith possiblerecombinationbetweenthe
mostrecentcommonancestor(MRCA) andtoday’sapparentlyunrelatedindivid-
uals,thesestudiesyield higherresolutionthanis possiblein family-basedlinkage
studies.

Earlyassociationstudiestestedfor associationbetweendiseaseandeachmarker
separately.More recentlyefforts havebeenmadeto definemoreefficient multi-
pointmethodsthatpinpointloci x aroundwhichcase(or diseasemutated)chromo-
somestendto clusterbecauseof commoninheritancefrom aquiterecentlymutated
founderchromosome.

The simplestpossiblity is to baseclusteringon somemeasureof identity-by-
descent(IBS). For instance,Mailund et al. (2006)definea non-randomphylogenic
tree basedon markersin closevicinity of the putativediseaselocus x. Then a
statisticis chosenthatquantifiesthedegreeof clusteringof casechromosomesin the
phylogenictree.Anotherpossibilityis to usehaplotypeclusteringandcladograms,
seee.g.Molitor et al. (2003),Durrantet al. (2004)andWaldronet al. (2006).The
basisof thesemethodsis anIBS-basedhaplotypesimilarity measurebetweenpairs
of haplotypes,suchasthe largestsharedregionaroundx, possiblynormalizedfor
varyingallelefrequencies.

A moreelaborateapproach,which focuseson identicalby descent(IBD) shar-
ing ratherthanIBS, is setforth by likelihood andBayesianmethodsthat definea
stochasticmodelfor linkagedisequilibrium(LD) overawholechromosomeregion
asa resultof commonancestry.

The populationgenetictool for suchgenemappingmethodsis the Ancestral
RecombinationGraph(ARG) of Hudson(1983), Griffiths and Marjoram (1997)
andWiuf andHein (1999). It modelshow a populationof chromosomesarere-
lated to eachother along a given region throughcoalescenceand recombination
events.Typically, mutationsareaddedalongthebranchesof theARG afterits con-
struction. The marginalcoalescencetree,which describessharedancestryat one
position, can thenbe extractedfrom the ARG at eachlocus. Sincethe ARG as
well asancestralhaplotypesarehiddenvariables,theymustbesummedoverin the
likelihood. Without furthermodelsimplifications,this cannotbedoneexactly,but
hasto be carriedout by someMonte Carlo method,e.g. importancesamplingor
Markov chainMonteCarlo (MCMC). For instance,Larribeet al. (2002)incorpo-
ratethe full ARG into genemapping,usingimportancesampling. However,this
methodis hamperedby its computationaldemand.
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The main challengeis to developcomputationallytractableyet effectivegene
mappingmethodsthat incorporatesomebut not all of sharedancestryof thesam-
pledchromosomes.An importantfirst stepin thisdirectionwasTerwilliger (1995),
wherestartopologyamongcasechromosomeswasassumedandinformationfrom
manymarkerscombined,althoughdependenceacrossmarkerswasnot takeninto
account. A generalizationdue to Serviceet al (1999), incorporatesdependence
betweenmarkers.

A closelyrelatedbut slightly moresystematicapproachis to modelsharedan-
cestryamongcasechromosomesby meansof a local ARG aroundthe putative
diseaselocusx, only incorporatingrecombinationeventsclosestto x, whereascon-
trol (or wildtype) haplotypesareconsideredunrelatedwith haplotypefrequencies
estimatedfrom the population,typically approximatedby meansof an l:th order
Markov chain,wherel is 0 or 1. This reflectsthe fact that in associationstudies,
thereis an underlyinghypothesisthat casesaredescendantsfrom one(or a few)
founderscarrying the mutation. Then the genealogyof casesshouldbe qualita-
tively different from that of the controls. The advantageof the local ARG is that
only thecoalescencetreeatx needsto bemodeledexplicitly. For instance,McPeek
andStrahs(1999)assumeastartopologyamongcases,with aquasilikelihoodcor-
rectionfactor that to someextentcorrectsfor moregeneralcoalescencetrees.The
ancestralhaplotypeis interpretedasa nuisanceparameter,haplotypephaseis as-
sumedto beknownandthe likelihood is evaluatedusinga HiddenMarkov Model
(HMM) algorithm. Sporadiccasesareallowedfor, asare, in principle, multiple
diseasemutationsat x. Morris et al. (2000) usea similar approach,but within
a BayesianMCMC framework,treatingancestralhaplotypesasa hiddenvariable
that is summedover. RannalaandReeve(2001)andMorris et al. (2002)alsoem-
ploy aBayesianmodelandMCMC, butusemoregeneralcoalescencetreesfor case
chromosomes.In particular,theshatteredcoalescencetreeof Morris et al. (2002)
allowsfor bothsporadiccasesandmultiple diseasemutations.This is alsotruefor
Liu etal. (2001),althoughtheyassumeastartopologyfor thesubtreesof eachdis-
easemutation.Zöllner andPritchard(2005)definethe local ARG for all sampled
chromosomes(not only cases)conditionalon genotypedata. Phenotypesarenot
incorporatedwhentreesaregenerated,but addedafterwardsinto thelikelihood. In
thisway,multiplediseasemutationsandvariouspenetrancemodelscanbehandled
at little extracost.

Othersimplificationsof theARG haverecentlybeensuggestedfor genemap-
ping,asanalternativeto thelocalARG. LarribeandLessard(2008)combineinfor-
mationof full ARGsfrom severalsmallwindowssurroundingx, usingacomposite
likelihood. Minchiello andDurbin (2006) developa heuristicalgorithm to infer
plausibleARGs, whereasWu (2007)employARGs that minimize the numberof
recombinationeventsconsistentwith data.Gasbarraetal. (2007,2009)employthe
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thediscretetimegenealogyof Gasbarraetal. (2005)for genemapping.Theresult-
ing ARG with discretetimegenerationsallowsfor tuningof offspringdistributions
anddegreeof monogacy,andis summedoverby meansof MCMC.

1.2 Outline of Paper

A majorquestionis whatgiveninformationin datatheARG shouldbeconditioned
on whenappliedto genemappingin a retrospectivestudy, for instancethe case-
controlstudy. In sucha studyindividualsaresampled(ascertained)non-randomly
basedon phenotypes. Ignoring the ascertainmentmay introducebias, seee.g.
Thomaset al. (2003). The conditionallikelihood of genotypedatagiven pheno-
typesis a naturalchoicethatremovesbiascausedby ascertainment.This naturally
leadsto anascertainedARG, by which we meantheARG conditionedon pheno-
types.It is truethatwhenMonteCarloapproximationof thelikelihoodis employed,
theconditionaldistributionof theARG givengenotypeandphenotypedatais ideal
for computation. However,this ARG is very difficult to samplefrom andsome
approximationhasto beused,seeSections8.3-8.4. Instead,theascertainedARG
arisesnaturallyfrom an expansionof the likelihood andis naturalto use,at least
whenthelikelihood canbecomputedexactly.

Thetwo majorcontributionsof thepresentpaperare:

I) To presentanascertained(non-local)ARG alonga givenregion.Whenthereis
onediseasecausingmutation,chromosomesareseparatedinto two subpop-
ulationsof mutatedandwildtype chromosomesrespectively,for which the
evolutionaryprocessis differently modelled.Our approachis conditionalon
the ageG of the diseasemutationaswell ason subpopulationssizes. This
enablesa novelasymptoticconstructionof theascertainedARG, wheretime
is countedin unitsof G (ratherthanin unitsof presentpopulationssize).

II) To usetheascertainedARG for defininga lod scorefor populationbasedmul-
tipoint associationstudies. This lod scoretakesthe retrospectivesampling
schemeaswell asunknownhaplotypephaseinto accountanddoesnot re-
quireMonteCarlocalculationfor regionsof shortor mediumlength.A cer-
tain approximation,thepseudolod score(PLOD),handleslongersequences
aswell.

TheascertainedARG in I) is general,but for computationalreasonswesuggest
model simplificationsandpresenta specialcasein II) for which the LOD score
is tractable.Thesespecialcasesincludea) star topologycoalescencetreeamong
mutatedchromosomes,b) singlediseasecausingmutation,c) unrelatedwildtype
chromosomes,yieldingbackgroundLE in thewholepopulationandd) raredisease
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allele frequency. In Section8 we discusshow to relax theseassumptions,whilst
still retainingreasonablecomputationtime.

Assumptiond) is importantsinceit naturallyleadsto a local ascertainedARG,
similar to thegenealogyemployedby McPeekandStrahs(1999)andMorris et al.
(2000).Our methodis basedon a HiddenMarkov Model (HMM) with statespace
subsetsof mutatedchromosomesat a (varying) locus. It extendsthe HMM algo-
rithm of McPeekandStrahs(1999)andhandlesareasonablylargenumberof mark-
ers,arbitraryphenotypesandgeneticmodels,allows for neutralmutations,adapts
to markerallele frequenciesand,most importantly, unknownhaplotypephaseis
handledat almostno extracomputationalcost.This is animportantcomputational
advantageof our method,sincefor most datasetsmultilocus genotypesare ob-
servedand halpotypephasecannotbe resolvedunambiguously. In contrast,for
previousmethodshaplotypesareeitherassumedto beknown,or, if not, theposte-
rior distributionof haplotypesis eitherestimatedin advance,usingsomehaplotype
reconstructionalgorithm(e.g.Stephenset al., 2001),or estimatedsimultaneously
with genemappingusingMCMC (Morris etal., 2004).

We further showhow exactp-valuescanbe estimatedby meansof a compu-
tationally feasiblepermutationprocedure.Becauseof exchangeabilityof families
underthenull hypothesisof nodiseasegene,the p-valuesarenon-biasedunderthe
null, evenwhenthemodelsimplificationsa)-d)areincorrect.

Both Zöllner andvon Haesler(2000)andWangandRannala(2004,2005)in-
troducean ascertainedARG with subpopulations.Thesearticlesfocuson using
simulationto examinetheperformanceof singlelocusassociationtestsfor chromo-
somessimulatedunderdifferentscenarios.No multilocusgene-mappingalgorithm
is developed.

2 A LOD Scorefor AssociationStudies

In this sectionwe definethe basicgenemappingtools usedin the restof the pa-
per, in particularthe retrospectivelikelihood, theaccompanyinglod scoreandthe
regionwidep-valuebasedonpermutationtesting.

Let τ denotea diseaselocus of an inheritabledisease,and assumethat two
allelesexistat τ: a normalalleleb anda diseasecausingalleleB. Thepurposeof
genemappingis to estimateτ and/ortest if a certain(small) chromosomeregion
harborsτ. The regionof interestis normalizedasa unit interval [0,1] in termsof
geneticor physicalmapdistance.Thehypothesistestingproblemof interestis

H0 : τ /∈ [0,1],
H1 : τ ∈ [0,1].
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We assume a subset of m individuals with phenotypes
Y = (Y1, . . . ,Ym) is sampled.For eachindividual DNA is registeredat a number
of markerswith positions0 ≤ x1 < .. . < xK ≤ 1. Let h2v−1 = (h2v−1,k)

K
k=1 and

h2v = (h2v,k)
K
k=1 bethetwo homologoushaplotypesof individual v andh = (hi)

n
i=1

be the collection of all n = 2m haplotypes. In general,becauseof phaseuncer-
tainty, (h2v−1,h2v) is not knownfor v but rathertheunphasedmultilocusgenotype
gv. Write g = (g1, . . . ,gm) for thecollectionof all unphasedmultilocusgenotypes.
Basedon markerdatag andphenotypesY we computea teststatisticZ(x) for the
pointwisetestH0 versusHx

1 : τ = x andrejectH0 whenZ(x) is large.Then

Zmax = max
0≤x≤1

Z(x)

is aglobalteststatisticfor testingH0 versusH1, with largevaluesof Zmax leadingto
rejection of H0. Alternatively, we may estimate the disease locus as
τ̂ = argmax0≤x≤1Z(x) andcomputeanassociatedconfidenceregion.

TheteststatisticZ(x) shouldbelargewhenaffectedindividuals,or individuals
with quantitativephenotypesindicatingdisease,tendto shareDNA aroundx more
oftenthanexpectedby chance.This is sosinceunderHx

1, themutatedchromosome
is segregatedin closevicinity of x downto all mutatedchromosomesof thesample.

To this end,wedefinetheretrospectivelikelihood

L(x;ξ ) = Px(g|Y )(1)

of genotypedatagivenphenotypes,wheretheprobabilityPx is calculatedunderHx
1.

By conditioningonY we do not needto know thesamplingmechanism,aslong as
it is a functionof Y only. This is anadvantage,sincethesamplingschemeis often
unknownin practice,seee.g.Kraft andThomas(2000). All nuisanceparameters
thatinvolve recombination,mutation,populationgrowthandpenetranceof thedis-
easearecontainedin ξ . We assumethatξ is knownor canbeassignedana-priori
reasonablevalue,anduseasteststatistictheLOD score

Z(x) = log10LR(x) = log10
L(x)
L(∞)

, 0≤ x ≤ 1.(2)

HereL(∞) denotesthe retrospectivelikelihood underH0, sincethenτ is regarded
asbeingunlinkedto [0,1], expressedformally asτ = ∞. HenceZ(x) is thebaseten
logarithmof thelikelihood ratioLR(x) obtainedwhentestingH0 againstHx1.

To assessthe statistical significanceof an observedmaximal LOD score
Zmax = zmax, weusepermutationtesting.Givenanypermutationγ of {1, . . . ,m}, let
Zmax,γ be the maximalLOD scorebasedon the retrospectivelikelihood Px(g|Y γ),
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whereY γ = (Yγ(1), . . . ,Yγ(m)) is thephenotypevectorpermutedaccordingto γ. The
p-valuebasedon Q randomlychosenpermutationsγ1, . . . ,γQ is thenthenα(zmax),
where

α(z) =
1
Q

Q

∑
i=1

1{Zmax,γi≥z}(3)

and1D is theindicatorfunctionof theeventD. (With aBayesianapproach,permu-
tationcanbeavoidedthough,cf. Section8.4.

3 Expanding the Likelihood

In this section,we expandthe retrospectivelikelihood (1) by summingover all
genealogiesacross[0,1] consistentwith genotypeandphenotypedata.As we will
see,this involvessummingoverall ARGsA correctedfor diseasestatus(andthus
for ascertainment).Theresultinglikelihoodhandlesdependencebetweenandalong
thechromosomes.

TheunconditionalARG A modelsthegenealogyfrom today’sgenerationback
until thefoundergeneration.Thisgivesusthekinshiprelationsof today’schromo-
somes,andthusamodelfor thedependencies.Theexpandedlikelihood is

L(x) = ∑
A

P(g|A )Px(A |Y )(4)

for x ∈ [0,1]. Sincewe usea retrospectivelikelihood Px(g|Y ), we seefrom (4) that
anascertainedARG A |Y is natural.For a prospectivelikelihood Px(Y |g), anARG
A |g wouldbeof maininterest(FearnheadandDonnelly,2002).

In order to defineA , we assumenon-overlappinggenerationsandfollow the
genealogyof the n chromosomesin the m sampledindividualsalong [0,1] back-
wardsin time until thediseasecausingmutationoccurred,G generationsago(the
foundergeneration).The ARG A involvesboth recombinationandcoalescence
events(Hudson,1983,Griffiths andMarjoram,1997),as illustratedin Figure1a
for anARG with G = 3 generationsandm = 2 individuals.Thepoint of recombi-
nation,X , is written aboveeachrecombinationvertex. It meansthat two ancestral
chromosomesc1 andc2 recombineat X , suchthat c1 (the left handchromosome)
passeson geneticmaterial[0,X) andc2 (the right handedge),passeson genetic
material[X ,1], to thechild chromosomec.

Let Nu denotethe populationsize, i.e. the numberof chromosomesof Nu/2
diploid individualsu generationsbackin time,u = 0,1, . . . ,G. Let Su = {1, . . . ,nu}
denotethe setof chromosomesof Generationu that areancestralto at leastone
of the n sampledchromosomessomewherealong [0,1], assumingthat the ances-
tral chromosomesof eachgenerationhavebeennumberedin some(arbitrary)way.
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Figure1: Ancestryof m = 2 individualsduringG = 3 generations.(1a): ARG of
the sample.A numbering(1, . . . ,nu) of the ancestralchromosomesof eachGen-
erationu is displayed. Pointsof recombinationarewritten aboverecombination
verteces.(1b): Coalescencetreeat x = 0.4. (1c): Generation1 ancestryA1(x, i) of
thesampledchromosomes(1a). (1d): Decompositioninto IBD-regionsΩ j.
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Then1≤ nu ≤Nu andn0 = n. WemaywriteA = {Au}
G
u=0, where1 Au : {1, . . . ,n}×

[0,1] → Su is theancestryof thesamplein Generationu, andAu(i,x) = j means
that j is ancestralto i at x, seeFigure1c.

In particular,wesaythatDNA positionx1 of Chromosomei1 is identicalby de-
scent(IBD) to DNA positionx2 of Chromosomei2 if AG(i1,x1) = AG(i2,x2). This
IBD definition givesrise to a decompositionof {1, . . . ,n}× [0,1] into nG disjoint
regionsΩ j = {(i,x); AG(i,x) = j}, j = 1, . . . ,nG asshownin Figure1d.

An alternativeARG representationis A = {T (x); 0≤ x ≤ 1}, whereT (x) is
themarginalcoalescencetreeof thesampleat x. T (x) only involvescoalescence
eventsandno recombinationevents.We obtainT (x) from A by following then
lineagesfrom time 0, and,whenevera recombinationeventat X is passed,takethe
left parentaledgeif x < X andtheright parentalline if x ≥ X , seeFigure1b.

A chromosomebelongingto anygenerationu is eithermutatedor wildtype. In
theformercase,it hasreceivedgeneticmaterialaroundτ from themutatedfounder
chromosome(alleleB), andin thelattercasenot(alleleb). HenceNu = NMu +NWu,
whereNMu andNWu denotethenumberof mutatedandwildtype chromosomesof
Generationu. Furtherlet Mu ⊂ Su andWu ⊂ Su denotethe subsetsof mutated
andwildtype chromosomesancestralto the given sampleof chromosomes.Then
nu = nMu +nWu, wherenMu = |Mu| andnWu = |Wu|.

We makea numberof assumptionsthatwill simplify our genealogyaswell as
thelikelihood computations:

(i) Themutatedchromosomesdescendfrom a singlechromosomeof the founder
generation,i.e. nMG = 1.

(ii) G, {NWu}
G
u=0 and{NMu}

G
u=0 areknown.

(iii) Noneof themarkerloci arecausal,i.e. τ /∈ {x1, . . . ,xK}.

(iv) τ is theonly diseaselocuswhich,underH1, is linked to [0,1].

(v) Haplotypes(formedby allelesfrom loci x1, . . . ,xK) of the foundergeneration
areindependentwith haplotypefrequenciesf .

(vi) All markerloci xk areselectivelyneutral.Mutationsoccurat xk with probabil-
ity uk permeiosis.

(vii) ThediseasemutationoccursatarandomlychosenchromosomeJ ∈{1, . . . ,nG}
of thefoundergeneration,independentlyof founderhaplotypes.

1A moreprecisedefinitionis thatAu is invariantwith respectto numberingof ancestralchromo-
somesof Generationu−1.
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(viii) Recombinationsoccur with probability r per chromosomeand generation,
independentlyof thematingin eachgeneration.Giventhata recombination
occurs,it hasdensityπ(·) along[0,1].

ξ
A h’nG

Y

ψ

x

A

p

h

g

M0

f

µ

Figure2: DirectedAcyclic graph(DAG) of all parametersandvariablesrelevant
for the likelihood. Eacharrow correspondsto a deterministic(e.g.A → nG) or
probabilisticcausalrelationsship,squaresare constants(parametersor observed
randomvariables)andcirclesunobservedrandomvariables.Thenuisanceparame-
tersξ = (ψ, p,ξA ,µ, f ) aredefinedin Table1.

Figure2 showsa directedacyclicgraph(DAG) of all parametersandvariables
relevantfor the likelihood and Table 1 summarizesthe notation. Notice that A
only describesthegenealogyof thesample.It carriesno informationon mutation
or markerdata,but ratherhow to segregatefounderhaplotypesh′, ancestralto the
givensample,to obtainh, andhowto segregatethemutatedchromosomeJ to obtain
M0. Given the value of a node in the DAG, its ancestorsand descendantsare
conditionallyindependent.HenceFigure2 implies that the likelihood (1) and(4)
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canbeexpandedas

L(x) = ∑
h,h′,A ,M0

P(g|h)P(h|A ,h′)P(h′|A )Px(A |M0)P(M0|Y ).(5)

The conditionaldependenciesof Figure 2 areconsequencesof (i)-(viii). For in-
stance,(iv) implies thatY and(A ,h′,h) areconditionallyindependentgivenM0.
This impliesthatknowingthemutationstatusof all sampledchromosomes,wegain
no furtherinformationonphenotypesfrom markerdata.

In order to computethe likelihood we needto specifyeachof the five terms
occurringon the right handsideof (5). Assumingindividualsaresampledinde-
pendentlybasedon their phenotypes,thefifth termP(M0|Y ) in (5) canbewritten
as

P(M0|Y ) =
m

∏
v=1

P(M0∩{2v−1,2v}|Yv).(6)

Eachtermof theright-handsideof (6) only dependson geneticmodelparameters
of thedisease.Definepenetrances

ψv j = P(Yv|v has j diseaseallelesB),

for v = 1, . . . ,m and j = 0,1,2. Accordingto (ix) in AppendixA, thediseasegeno-
typefrequenciesof Generation0 are(1− p)2, 2p(1− p) andp2 for genotypes(bb),
(Bb) and(BB), wherep = p0 is thediseaseallelefrequency.Bayes’Theoremgives

P(2v−1∈ M0,2v ∈ M0|Yv) = ψv2p2/S
P(2v−1 /∈ M0,2v ∈ M0|Yv) = ψv1p(1− p)/S
P(2v−1∈ M0,2v /∈ M0|Yv) = ψv1p(1− p)/S
P(2v−1 /∈ M0,2v /∈ M0|Yv) = ψv0(1− p)2/S,

(7)

whereS = ψv0(1− p)2 +2ψv1p(1− p)+ψv2p2.
The fourth term Px(A |M0) will be further discussedin the next sectionasa

Markovchainbackwardsin time.
For thethird termof (5), it follows from (v)-(vii), afterconditioningon J, that

P(h′|A ) = P(h′|nG) =
nG

∏
j=1

f (h′j) = f (h′J)∏
j 6=J

f (h′j)(8)

whereh′ = {h′j}
nG
j=1 is thecollectionof founderhaplotypevectorsh′j =(h′j1, . . . ,h

′
jK).

The secondterm of (5) dependson neutralmutationsat the markerloci. Let
h jk = {hik; (i,xk) ∈ Ω j}. We obtainh jk by spreadingthefounderalleleh′jk accord-
ing to thecoalescencetreeT (xk) to all chromosomesi thatareIBD with j, possibly
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Table1: Variablesandparameters.

τ Truediseaselocus
x Hypothesizeddiseaselocus
n Numberof haplotypes
m Numberof individuals
Y Sampledphenotypes
g Sampledgenotypes
h Currentgenerationhaplotypes
h′ Founderhaplotypes,at leastsomepartof eachhaplotypeancestralto sample
G Time(generation)of diseasemutation
Mu Mutatedchromosomes,Generationu
Wu Wildtypechromosomes,Generationu
Nu Populationsize,Generationu
NMu Populationsize,mutatedsubpopulation,Generationu
NWu Populationsize,wildtype subpopulation,Generationu
nu Numberof haplotypesancestralto sample,Generationu
A ARG of sampledchromosomesalong[0,1]
p(t) Proportionof mutatedchromosomesat time t
p Diseaseallelefrequencyof currentgeneration(= p(0))
ψ Penetranceparameters(= {ψv j})
f Founderhaplotypefrequencies(marginalmarkerallelefrequenciesfk)
f̃ Currenthaplotypefrequencies(marginalmarkerallelefrequenciesf̃k)
µ Mutationrates(= {µk}

K
k=1)

ξA Continuoustime ARG parameters(= (ρ,π(·),λM(·),λW (·)))
ρ Recombinationrate
π(x) Recombinationdensityat locusx
λM(t) Coalescentrate,mutatedsubpopulationat time t
λW (t) Coalescentrate,wildtype subpopulationat time t

interruptedby neutralmutationsat xk. Assumingthatmutationsatdifferentmarker
loci andfounderchromosomesareindependentwefind that

P(h|A ,h′) =
nG

∏
j=1

K

∏
k=1

P(h jk|T (xk),h
′
jk),(9)

whereP(h jk|T (xk),h′jk) = 1 wheneverh jk = /0.

Finally, thefirst term of (5), P(g|h), cantakevalues1 or 0 dependingon if all
genotypesgv areconsistentwith haplotypesh2v−1 andh2v, i.e.
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P(g|h) =
m

∏
v=1

P(gv|h2v−1,h2v) =
m

∏
v=1

1{gv∼(h2v−1,h2v)},

wheregv ∼ (h2v−1,h2v) meansthat the genotypesof v at all K marker loci are
consistentwith thecorrespondingallelesobtainedfrom h2v−1 andh2v.

4 The Distribution of an AscertainedARG

In thissection,weprovidethedistributionof A |M0, i.e.theascertainedARGunder
completepenetrance.This is the only term of the likelihood expansion(5) of the
previoussectionleft unspecifiedsofar.

Assumption(viii) togetherwith (ix), statedin AppendixA, imply thatfor fixed
G, {Au}

G
u=0|M0 is aMarkovchainin discretetime,seeAppendixA for details.We

will needthe correspondingresult for continuoustime t. To this end,we assume
t ∈ [0,1], countingtime in unitsof G generations,sothatt correspondsto Genera-
tion u = [tG], definedasthesmallestintegerlessthanor equalto tG. We alsoin-
troducethenotationn(t) = n[Gt], nM(t) = nM[Gt], nW (t) = nW [Gt] andA (t) = A[Gt].
Figure3a illustratesA = {A (t);0 ≤ t ≤ 1} in continuoustime for n = 12 sam-
pledchromosomes(not showingthediploid structure).Eachvertexcorrespondsto
a recombinationor coalescenceeventandeachedgee is a line of descentbetween
two suchevents. As t increases,a coalescenceeventdecreasesn(·) by (at least)
one,anda recombinationeventincreasesn(·) by one.Thecorrespondingmarginal
coalescenttreeat x = 0.3 is displayedin Figure3b, andthe IBD regionsfor the
samplearedisplayedin Figure3c.

Theeffectof labelingonefounderlineageJ of A asmutatedis to spreadthis
mutationto anumberof otheredges.In fact,by definitionof anedgee, all chromo-
somes(from anygeneration)of e areeithermutatedor wildtype. We write e∈M

ande∈W for thesetwo cases,whereM andW arethesetsof mutatedandwildtype
chromosomesancestralto thegivensample.

We showin AppendixB that, undercertainregularityconditions,going from
discretegenerationsto continuoustime, theMarkov chain{Au}

G
u=0|M0 converges

to to a Markov process{A (t);0≤ t ≤ 1}|M0 in continuoustime asG → ∞. The
proofassumestheexistenceof threefunctionsλM,λW , p : [0,1]→ R andaconstant
ρ > 0 suchthat

∑[Gt]
u=1 log(1−N−1

Mu)
−1 −→

∫ t
0 λM(s)ds,

∑[Gt]
u=1 log(1−N−1

Wu)
−1 −→

∫ t
0 λW (s)ds,

NM[Gt]/(NM[Gt] +NW [Gt]) −→ p(t),
Gr −→ ρ

(10)
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Figure3: Representationsof ancestryin continuoustime for a sampleof n = 12
chromosomes(not showingthediploid structure).Thediseasemutationis located
at τ = 0.36,on founderchromosomeJ = 6. Upper(3a): AncestralRecombination
Graphof the sample.The point of recombinationis written aboveeachrecombi-
nationvertex. Thesamplecontainsfive mutatedchromosomesM0 = {6, . . . ,10},
whereasthe other7 sampledchromosomesdo not carry the mutation. The time-
scaleon the right measurestime backwardfrom today’ssampleuntil the founder
generation.Middle (3b): Marginalcoalescencetreeat x = 0.3. Bottom(3c): IBD
regionsfor the ARG of Figure3a. The mutatedregion ΩJ is displayedin grey.
The location of the diseasemutationτ = 0.36, as well as 11 markerpositions,
x1 = 0, x1 = 0.1, . . . , x11 = 1 aredisplayedwith verticallines.
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for all 0 ≤ t < 1 asG → ∞. We refer to ρ asthe recombinationratefor a single
lineage,and λM(t) and λW (t) are the coalescenceratesof pairs of mutatedand
wildtypelineages.p(t) is thediseaseallelefrequencyat time t andp(0) = p. Given
nM(t) = k andnW (t) = l, thecoalescenceratefor somepair of mutatedlineagesis
(k

2

)

λM(t) andthecoalescenceratefor somepair of wildtype lineages
( l

2

)

λW (t). If
the former eventoccursat time t, nM(·) decreasesby one at t, and in the latter
casenW (·) doesso. Therateof recombinationfor someof themutatedlineagesis
kρ andsimilarly lρ for someof the wildtype lineages.Supposea recombination
occursat time t for lineagee at X , with parentallineagese1 ande2 transmitting
geneticmatrialalong[0,X) and[X ,1] respectively.Then

p(e1 ∈ M |e ∈ M ) = 1{X>τ} + p(t)1{X≤τ},
p(e2 ∈ M |e ∈ M ) = p(t)1{X>τ} +1{X≤τ},
p(e1 ∈ M |e ∈ W ) = p(t)1{X≤τ},
p(e2 ∈ M |e ∈ W ) = p(t)1{X>τ}.

(11)

Example1 (Linear growth rate.) SupposeNMu = 1+ a(G−u) andNWu = cG +
b(G−u) for somepositiveconstantsa,b,c. Herec is thehaploidsizeof thewild-
typefounderpopulationanda (b) the lineargrowthrateof themutated(wildtype)
populationin unitsof G. It is easilyseenthat

λM(t) = 1/(a(1− t)),
λW (t) = 1/(c+b(1− t)),

p(t) = a(1− t)/(c+(a+b)(1− t)).
(12)

2

Example2 (Exponential growth rate.) SupposeNMu = exp(a(G−u)) andNWu =
(NG −1)exp(b(G− u)), wherea (b) is therelativeincreaseof populationsizeper
generationfor themutated(wildtype)subpopulation.In thiscaseλM = λW ≡ 0 and

p(t) =







1, a > b,
1/NG, a = b,
0, a < b.

2

After theARG hasbeenconstructed,neutralmutations(vi) areaddedindepen-
dentlyat themarginalcoalescencetreesatall loci. To getanon-trivial limit process
in continuoustime,weassumethat

Guk → µk asG → ∞, k = 1, . . . ,K.(13)
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Then,in thelimit, neutralmutationsatxk occuralongtheedgesof T (xk) according
to aPoissonprocesswith intensityµk.

5 Model Simplifications

In this section,we considermodelsimplificationsthatmakeexactcomputationof
theretrospectivelikelihood (5) feasible,at leastfor moderatelysmalldatasets.We
assume:

(x) The limiting proportionof mutatedchromosomesin (10) is p(t) = 0 for 0 ≤
t ≤ 1.

(xi) Thewildtype coalescencerateλW (t) = 0 for 0≤ t ≤ 1.

(xii) ThemutatedcoalescencerateλM(t) = 0 for 0≤ t < 1.

(xiii) Linkageequilibrium(LE) in thefounderpopulation,i.e. f (h′j)= ∏K
k=1 fk(h′jk),

where fk is thefounderallelefrequencyat xk.

(xiv) All markersarebiallelic SNPs.

Condition (x) meansthat the diseaseallele is rare in the recentandprevious
generations.For consistency,this requiresthat we usea small value of p when
calculatingeachterm of P(M0|Y ) in (7). Conditions(xi)-(xii) statethatwildtype
chromosomesnevercoalesceand that all mutatedchromosomescoalescesimul-
taneouslyat time t = 1. This is a good approximationif the subpopulationsof
wildtype andmutatedchromosomesarebothrapidly increasing(cf. Example2).

Figure4a showsan ARG satisfying(x)-(xii) andFigure4b the corresponding
IBD decomposition{Ω j}

n(1)
j=1. Accordingto (xii), the subtreeof T (τ) with nM =

nM0 mutatededgeshasa startopology,i.e. theyall coalesceat time t = 1. By (xi),
thereareno coalescenceeventsbetweenwildtype edgesand(x) implies that any
mutatededgeof A thatis parentalin a recombinationeventmusttransmita region
containingτ to the child edge. Therefore,the nM rows of ΩJ are all connected
intervalscontainingτ, showingtheportionof eachi ∈M0 thathasdescendedfrom
J. All otherΩ j, j 6= J occupyasinglerow. Introducetheset

D = {(i,k); 1≤ i ≤ n,1≤ k ≤ K,(i,xk) ∈ ΩJ}

of markeralleleswhich are inheritedfrom the mutatedfounderchromosome.A
moreexplicit definitionof D, in termsof socalledNearestRecombinationEvents
(McPeekandStrahs,1999,Morris etal, 2002)is givenin AppendixC.
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Figure 4: Ancestryfulfilling (x)–(xii) in continuoustime for n = 8 chromosomes(not
showingthediploid structure),with mutationat τ = 0.36on FounderchromosomeJ = 11.
Upper:ARG. Middle: IBD regionsfor theARG, with mutatedregionΩJ displayedin grey.
τ and11markerpositions,0,0.1, . . . ,1 areverticallydisplayed.Lower: Exampleof marker
haplotypesillustratingH, thesetof heterozygoussites,astheunionof themarkedboxes.
ThemutatedregionD is displayedin grey(notethatChromosome5 hasmutatedatmarker
3). For eachmarkerk, thesetHk consistsof thosechromosomesat heterozygoussitesthat
belongto the kth column of D, but wherethe homologoussite doesnot. Thus H1 = /0,
H2 = {7}, H3 = {7}, H4 = {4,7}, H5 = {4,5,7}, H6 = {5}, H7 = {4,5,7}, H8 = {4},
H9 = /0, H10 = {5}, H11 = {5}. Furtherit follows thatn3H = 1, n30 = 1 andn31 = 2, etc.
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Thelikelihood computationssimplify considerablyusing(x)-(xiv). It turnsout
that D containsall informationaboutA neededfor calculating(5), which canbe
written as

L(x) = ∑
h,h′,D

P(g|h)P(h|D,h′) f (h′)Px(D|Y ),(14)

whereh′ = h′J = (h′J1, . . . ,h
′
JK) is thehaplotypeof themutatedfounderandexpres-

sionsfor P(h|D,h′) andPx(D|Y ) aregivenin AppendixD.
Anotherconsequenceof (x)-(xiv) is moreeffectivesimulationof LD structure

undernon-randomascertainment,asfurtherdiscussedin Sections7 and8.3.

6 LOD ScoreComputation and Approximation

In thissection,wewill usethesimplifiedlikelihood(14)to obtainexactexpressions
for the likelihood ratio and lod score. We start by summingout h in (14) and
dividing by L(∞) to obtainanexpansion

LR(x) = ∑
h′,D

LR(h′,D) f (h′)Px(D|Y )(15)

of thelikelihood ratioat x, where

LR(h′,D) =
P(g|h′,D)

L(∞)
(16)

canbeinterpretedasthelikelihood ratiowhenD andh′ areknown.
We will derivea very explicit expressionfor LR(h′,D). Let H be the setof

heterozygoussites(i,k), i.e.

H = ∪K
k=1∪

m
v=1 Hvk,

whereHvk = {(2v−1,k),(2v,k)} if gvk is heterozygous(h2v−1,k 6= h2v,k) andHvk is
emptyotherwise.Let Hk consistof thoseheterozygoussitesthatbelongto thekth

columnof D but thehomologoussite(i.e., thememberof thesameHvk) doesnot.
Thenthe kth columnof D hasnkH + nk0 + nk1 elements,wherenkH = |Hk|, nk0 =
|{i; (i,k) ∈ D \Hk,hik = 0}| andnk1 = |{i; (i,k) ∈ D \Hk,hik = 1}|, seeFigure4c
for enexample.As shownin AppendixE, the likelihood ratio (16) canbewritten
as

LR(h′,D) = ∏K
k=1

((

P(0|h′Jk)/ f̃k(0)
)nk0

(

P(1|h′Jk)/ f̃k(1)
)nk1

·
(

0.5P(0|h′Jk)/ f̃k(0)+0.5P(1|h′Jk)/ f̃k(1)
)nkH

)

.
(17)

where
f̃k(a) = (1−qk) fk(a)+qk fk(1−a), a = 0,1,(18)

is the allele frequencyof a at locus xk and qk = (1− exp(−2µk))/2 ≈ µk is the
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mutationprobability at xk, i.e. the probability that a founderallele at time t = 1
mutatesan odd numberof timesdown to t = 0, cf. (13) and(xiv). If µk is small,
f̃k(a) ≈ fk(a).

Intuitively, thekth termof (17) is largewhentherearenoallelic mismatchesbe-
tweenthechromosomesthathavereceivedgeneticmaterialat xk from themutated
founderchromosome,i.e. wheneithernk0 or nk1 is zero.Whenthis is not thecase,
the numberof mismatchesmin(nk0,nk1) at xk penalizesthe kth term of (17) to an
extentthatdependson themutationprobabilityqk.

6.1 Conditioning on Founder Haplotypes

In this approachwesumout D in (15)andwrite

LR(x) = ∑
h′

LR(x;h′) f (h′),(19)

whereLR(x;h′) = Px(g|h′,Y )/L(∞) is the likelihood ratio when conditioningon
missingdatah′. Let D{v} = D∩({2v−1,2v}×{1, . . . ,K}) denotethesetof mutated
sites(i,k) for Individual v. Then(15)-(17)imply

LR(x;h′) =
m

∏
v=1

∑
D{v}

LR(h′,D{v})Px(D{v}|Yv)(20)

whereLR(h′;D{v}) is the likelihood ratio obtainedwhenconditioningon hidden
data(h′,D{v}), i.e. replacingD by D{v} in (17). Thecrucialpoint is thatcondition-
ally on h′ andY , the rowsof g areindependentandhenceLR canbewritten asa
productof m terms.It is shownin AppendixF thateachtermof theouterproduct
canbecalculatedwith O(K) operations,usinga recursiveHiddenMarkov Model
(HMM) algorithm. Hencethe total complexityis O(mK2K) for evaluatingLR(x).
This is a markedimprovementcomparedto direct summationover h′ andD, but
still not feasiblefor largeK. For largeK, we mayusea sliding window of l < K
markerloci. Thewindow width l is chosento makethecomputationalcomplexity
O(ml2lK) feasible.

To obtainp-valuesfor thetest,apermutationalgorithmwasproposedin (3). In
generalpermutationtestsarevery computationallyintensive,which constricttheir
practicalapplicability for teststhat arealreadycomputationallydemanding,such
asours. In thegeneralsetting,the testquantitymustbecalculatedfor eachof the
Q randompermutations,which would give computationalcomplexityO(mK2KQ).
SinceQ mustbelarge,typically tensor hundredsof thousands,this is not feasible.
However,in thecaseof binaryphenotypes,weproposeaprocedurefor thepermuta-
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tion testingwhich reducesthecomputationaldemand.Thealgorithmexploitsthat
∑D{v}

LR(h′,D{v})Px(D{v}|Yγ(v)) is the samefor all permutationswhereYγ(v) = 1,
andsimilarly for all permutationswhereYγ(v) = 0. Thus,for eachindividual v the
HMM mustonlybecalculatedtwice,toobtainvaluesof ∑D{v}

LR(h′,D{v})Px(D{v}|Yv =

1) and∑D{v}
LR(h′,D{v})Px(D{v}|Yv = 0) respectively.

To obtainp-valuesthesummationoverh′ andmultiplicationoverv in (19) and
(20) mustbe carriedout for eachof the Q permutations.The total complexity is
thus O(m2K(2K + Q)). Sincetypically Q >> K the total complexity including
permutationtestingis O(m2KQ).

To estimateZmax, LOD scoreis calculatedat severalpositionsx̃i, i = 1, . . . ,Nx

within theinterval[0, 1], andZmax = maxi=1,...,Nx Z(x̃i). As LOD scoreis calculated
separatelyateachposition,thetotal complexityis O(m2KQNx).

6.2 Conditioning on IBD Regions

In this approachwesumout h′ in (15)andwrite

LR(x) = ∑
D

LR(D)Px(D|Y ),(21)

whereLR(D) = P(g|D)/L(∞) is the likelihood ratio obtainedwhenconditioning
onmissingdataD. This yields

LR(D) = ∏K
k=1

(

ankH
k ((1−qk)/ f̃k(0))nk0(qk/ f̃k(1))nk1 fk(0)

+bnkH
k (qk/ f̃k(0))nk0((1−qk)/ f̃k(1))nk1 fk(1)

)

,
(22)

ak = 0.5(1−qk)/ f̃k(0)+0.5qk/ f̃k(1) andbk = 0.5qk/ f̃k(0)+0.5(1−qk)/ f̃k(1).

In AppendixF, we describea HMM algorithmfor evaluating(21) with com-
plexity O(K22m). This is not feasiblefor all but very smallm, sowe proposeusing

apseudolikelihood
PL(x) = ∏

V∈V

L(x;V ),(23)

where L(x;V ) is the retrospective likelihood using only individuals from
V ⊂ {1, . . . ,m} andV a givencollectionof subsetsV . Thepseudolikelihood ratio
andpseudoLOD scoreobtainedfrom (23)are

PLR(x) = ∏
V∈V

LR(x;V )
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and
PZ(x) = 1

|V | log10(PLR(x))

= 1
|V | ∑V∈V Z(x;V ).

For instance,if V containsall subsetsof {1, . . . ,m} of sizem0 ≥ 2, we get com-
putationalcomplexityO(Kmm022m0), which, for valuesof m of practicalinterest,is
feasibleonly whenm0 equals2.

Whenapermutationtestis usedto calculatethep-valuestheprocedurewouldin
generalrequireO(Kmm022m0Q) operationsfor thePLOD score.For m0 = 2 this is
O(Km224Q) = O(Km2Q). However,for binaryphenotypesaneffectivealgorithm
canbe developed,just as for the LOD score. The basisof this algorithmis that
LR(x;V ) = ∑DV

LR(DV )Px(DV |YV ) is constantfor all permutationswith thesame
YV . HereDV is notationfor whichmarkersthatareinheritedIBD (from themutated
founder)for the individualswithin subsetV . As V consistsof subsetsof size2,
YV can take only four possiblevalues,YV = (0 0), YV = (0 1), YV = (1 0) or
YV = (1 1). ThusLR(x;V ) mustbe calculatedfor eachof thesefour cases,and
for eachpermutationonly the multiplication over all subsetsin V remains. The
complexity is thus O(m2(4K24 + Q)). Sincetypically Q ≫ 26K the complexity
becomesO(m2Q). To estimatePZmax, PLODscoreis calculatedatseveralpositions
x̃i, i = 1, . . . ,Nx within the interval [0, 1], and PZmax = maxi=1,...,Nx PZ(x̃i). As
the PLOD scoreis calculatedseparatelyat eachposition, the total complexity is
O(m2QNx).

6.3 Software

Thealgorithmsfor simulationandcalculationof theLOD andPLOD scoreshave
beencodedin Matlab. The algorithms,with inbuilt documentation,areavailable
uponrequestfrom theauthors.

7 Simulation Study and RealData Analysis

To evaluatetheperformanceof theproposedLOD andPLODscoreswecarriedout
simulationstudiesanda realdataanalysis.

7.1 Simulating from the AscertainedARG

As previouslypointedout, the ascertainedARG is a powerful tool for simulation
of case-controlsamples.For a prescribednumberof casesandcontrols,the mu-
tationalstatusfor eachof a person’stwo allelesat the diseaselocus is simulated
conditionalon the person’sdiseasestatus,accordingto (6). By simulationof re-
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combinationsandcoalescenceof mutatedandwildtype lineages,superimposedby
neutralmutations,the markerallelesareobtained.Simulationsin this subsection
areobtainedunderthesimplificationsin Section5. Thenall coalescenceeventsare
deterministicandthe only recombinationeventsthat needto be simulatedarethe
nearestrecombinationevents.

As anexampleof a commonlyusedgeneticmodel,we accountfor simulations
with multiplicative penetranceandbinary phenotype.With genotyperelativerisk
ratio λ , we haveψ1/ψ0 = ψ2/ψ1 = λ , whereψ j is theprobability thatanindivid-
ual with j diseaseallelesbecomesaffected.(Thenψv j = ψ j for all cases(Yv = 1)
andψv j = 1−ψ j for thecontrols(Yv = 0).) Themarkersareequispacedin thein-
terval [0,1] (with x1 = 0, . . . ,xK = 1), with minor markerallelefrequencyfk = 0.5
at all markersk = 1, . . . ,K. From the foundergenerationuntil today, the marker
mutationrateis qk = q = 0.001andrecombinationratein theintervalis ρ = 1.5. In
all simulationsin this subsectionthediseaselocusis positionedat τ = 0.36,which
is not a markerposition. All parametervaluescanbechosenarbitrarily, although
theirvaluesaffectthepowerto detectassociation.Consideringmutationsthatarose
typically somehundredgenerationsago,themutationrate0.001permarkeris unre-
alisticallyhigh for SNPs,butstill doesnotunderminetheperformanceof ourLOD
score.On theotherhand,themarkerallele frequenciesfk = 0.5 areunrealisticto
our favour. The accompanyingdecreasein samplesize, that is madepossible,is
welcomefor thecomputerdemandingstudiesof powerthatwepresenthere.How-
everit doesnot changethefundamentalbehaviourof theLOD score,comparedto
arbitrarymarkerallele frequencies.We further testour algorithmsfor parameter
valuesthatdo not fulfill all conditionsof theapproximation.In particular,thedis-
easeallelefrequencyis toohighin thefirst simulation,andin thatwaymoresimilar
to whatis assumedin realstudies.(To pick up associationsfor diseaseswith weak
penetrancewould needunrealisticallylargesamplesif thediseaseallelefrequency
wasvery low.)

Eachsimulateddataset is analyzedwith the LOD score(19) and/orPLOD
score(23), thelatterwith subsetsof m0 = 2 individuals.(For somedatasetseither
of themethodsis unfeasibledueto thecomputationaldemand).To evaluatetheper-
formance,the p-valueof theteststatisticZmax is foundby permutationtesting(3).

7.1.1 Comparisonswith SingleMarker Tests

Forcomparisonwealsocalculatedaglobalp-valuebasedoncarryingoutCochran-
Armitage testsat eachmarkerk = 1, . . . ,K. The global p-valueis calculatedin
a similar way to the LOD and PLOD p-values(3), i.e. the observedmaximum
Cochran-Armitageteststatistic,over theK markers,is comparedto themaximum
valuesobtainedunderthenull (outcome-permuted)distribution.
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7.1.2 LOD Scoreand PLOD Score

In three independentsamplesof 200 casesand 200 controlsat K = 5 markers,
the diseaseallele frequencywas p = 0.2, relative risk ratio λ = 3, and baseline
prevalenceψ0 = 0.0001.Figure5 displaystheLOD andPLOD scoresof thethree
datasets,eachcalculatedat Nx = 20 equidistantlocationsinterior of [0,1]. To be
ableto detectassociationswith a p-valueassmall as10−4, 100000permutations
wereperformed.

For theLOD score,theassociationis very clearlypickedup by Zmax, andfur-
ther it is clearthat the largestZ(x) is found closeto the true maximumτ = 0.36.
Althoughtheshapeof thePLOD scorecurveis similar to thatof LOD score,with
its maximumcloseto τ = 0.36, the p-valuesareconsiderablyhigher for PLOD.
The p-valuecalculationsfurther showthat permutationtestingis necessary,since
the asymptoticχ2-approximation(in which caseLOD=3 correspondsto p-value
0.0002,which is commonlyusedto establishlinkage)is not valid neitherfor LOD
nor PLOD. Global Cochran-Armitagetestsyieldedp-valuesof 0.00028,0.13032
and0.00329for thethreedatasets.For all threedatasetsp-valuesaresmallestfor
theLOD score.For two of thethreedatasetsthep-valuefrom thePLOD scoreis
smallerthantheCochran-Armitagetest.

Forthesecondsimulateddataset,presentedabove,were-calculatedLOD scores
undermis-specificationof diseaseallele frequency,p, andrecombinationrate,ρ.
NeitherthePLOD(correctlyspecifiedparametervalues)northeCochran-Armitage
test providedsignificantevidenceof associationfor this dataset. We wantedto
seewhetherthe LOD scorecould out-performthesetwo testsevenundermis-
specificationof nuisanceparameters.We recalculatedLOD scoresmis-specifying
eachparameterp andρ, one-at-a-time,by multiplying thetrueparametervalueby
factorsof bothlessthanandgreaterthan1. Resultsaredisplayedin Figure6. The
p-valuesremainunder0.01underall four parametermis-specifications.Maximum
LOD scoresalsoremaincloseto thetruediseaselocation.

7.1.3 PowerCalculations

To estimatethepowerof the testswe haveperformedtestsfor multiple simulated
datasets.TheresultsareplottedasaReceiverOperatingCharacteristic(ROC),i.e.
powervs. significancelevel, seee.g.Bradley(1996). For eachof N independent
simulationsfrom the geneticmodel,a p-valueα̂i, i = 1, . . . ,N, is estimatedfrom
the resultsof Q randompermutationsas in (3). The powerβ asa function of α
couldthenbeestimatedby MonteCarloas

β̂ (α) =
1
N

N

∑
i=1

1{α̂i<α}
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Figure5: LOD andPLODscorecalculatedfor threesimulateddatasets,atNx = 20
positionsalong[0,1]. Thegeneticmodelis multiplicativepenetrancewith relative
risk 3, diseaseallelefrequency0.2,markerallelefrequencyfk(1) = 0.5 andmuta-
tion probabilityqk = 0.001k = 1, . . . ,5. 200casesand200controlsweresimulated
andanalyzed.Within columns,LOD andPLOD arecalculatedfor the samedata
set,andquantilesareestimatedwith thesamerandompermutations.Thehorizontal
linesshowthecritical limits for Zmax for differentsignificancelevelsα (displayed
on theright y-axes).Markerpositionsareindicatedwith dotted,vertical lines,and
thetruediseaselocationτ = 0.36with asolid verticalline.

The ROC displayedin Figure7 is an estimationbasedon 100 simulateddata
setswith K = 10 markersfor 200 casesand200 controls. The modelparameters
wereλ = 2, p = 0.1 andψ0 = 0.0001.Eachp-valuewasestimatedfrom Q = 10000
permutations,andthusp-valueslargerthan10−3 couldbeestimatedaccurately.To
cut down computationtime for the ROC,while not alteringthe testperformance,
Z(x) andPZ(x) wereonly calculatedfor x = 0.2,0.3, . . . ,0.6, i.e. Zmax andPZmax
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werebasedon (P)LOD scoreat Nx = 5 non-markerpositionsaroundτ. We also
constructedROC curvesfor LOD scoresundermis-specifiedvaluesof p and ρ
(indicatedasLOD(p=0.3),LOD(rho=3)andLOD(rho=0.75)in Figure7. We did
this in orderto confirm that the robustnessof the LOD scoreto mis-specification
of parametervaluesextendsmore generally,beyondwhat was observedfor the
exampledatasetusedin Figure6. As theLOD score(with or withoutmis-specified
p, λ ) hasa steeperROCfor smallα it hasbetterperformancethanboththePLOD
scoreand the (global) Cochran-Armitagetest. The powerof the PLOD scoreis
similar to the power of the Cochran-Armitagetest in this example. Despitethe
relativelyweakmodel,all teststurnoutpositivelyin acomparisonwith thebaseline
powerβ (α) = α, correspondingto a testthatcannotdiscriminatebetweenH0 and
H1.

As a last example,Figure8 displaysthe ROC for PLOD scorefrom 100 runs
with Q = 10000permutationsfor thesamegeneticmodelasin Figure7 (p = 0.1,
λ = 2 andψ0 = 0.0001).Thedatasetnowconsistsof K = 25markersfor 200cases
and200controls.PZmax is calculatedfrom PZ atthesame5 positionsin thevicinity
of τ, as in Figure7. The LOD scoreis not computationallytractable,but to use
all 25 markersis possiblewith thePLOD scoreapproximation.Comparisonwith
Figure7 showsthat theperformanceof PLOD scorehasimproved,but that it still
givesworseresultsthanLOD-scoredid with K = 10 markers.In othersimulations
with higherdiseaseallele frequencyp = 0.2 thequality of PLOD calculatedfrom
K = 25 markersalmostmatchedthat of LOD scorewith K = 10. For situations
wherecalculationof LOD-scoreis not feasible,PLOD-scorecouldbeapotentially
usefulapproximation,aslongasthenumberof includedindividualsis nottoolarge.

7.1.4 Time Consumption

Table2 containsthe meancomputationtimesfor the accountedLOD andPLOD
scores.Computationswereperformedon oneof theprocessorsof a fastcomputer,
a AMD Athlon(tm) 64 X2 Dual CoreProcessor5000+with 2.6GHzprocessorand
total memory2GB.

Thecomputationtimesincludepermutationtesting,andalthoughhighly depen-
dentonthecomputerused,theydemonstratethatthetestsarefeasibleevenfor quite
largedatasetswith manymarkers.Thereis potentialfor considerabledecreasein
computationtime if implementationis donein aprogramlanguage,insteadof Mat-
lab. We are currently working on an implementationin Fortran. A comparison
betweenthe empirical resultsandthe theoreticalcomplexitycalculationsof Sec-
tions6.2and6.1revealsquitelargedeviations.Webelievethis is mainlyanartifact
of memoryconstraints,which preventusfrom propervectorizationof thecodefor
thepermutationtestof thePLOD score.Also this would beavoidedin a program-
ming languagethatis effectivefor heavycomputations.
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Figure6: LOD scorescalculatedfor the secondsimulateddatasetunderthe ge-
neticmodeldescribedin Figure5 (column2). Thatis, p=0.2andρ=1.5for thetrue
geneticmodel. Columns1 and2 displayLOD scorescalculatedundermisspecifi-
cationof ρ (0.7,3)andp (0.05,0.4),respectively.
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Figure7: EstimatedROCcurvescalculatedfrom N = 100p-values,eachcalculated
from Q = 10000permutations.Geneticmodel is multiplicative with relativerisk
λ = 2, diseaseallelefrequencyp = 0.1, K = 10, ρ = 1.5, markerallelefrequency
fk(1) = 0.5 andmutationprobabilityqk = 0.001k = 1, . . . ,10. 200casesand200
controlsweresimulatedandanalyzed.

Table2: Meancomputationtimesfor differentsamplesizes.Themeancomputation
timesfor LOD andPLODaremeasuredin seconds.

parameters time (s)
m K Nx Q LOD PLOD Figure
400 5 20 100000 150 61000 Figure5
400 10 5 10000 1000 1600 Figure7
400 25 5 10000 — 1800 Figure8

7.2 Simulating from an Alternative GeneticModel

To assesswhetherour ascertainedARG LOD scorecanperformwell undera mis-
specifiedgeneticmodelwe performeda smallsimulationstudy. We usedthesoft-
wareMS (Hudson,2002)whichsimulateshaplotypesunderaWright-Fisherneutral
modelof geneticvariation.Sincethis modeldoesnot provideanautomaticmech-
anismto simulateundernon-randomascertainment,we deployedanextralevel of
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Figure8: EstimatedROC curvefor the PLOD scorecalculatedfrom N = 100 p-
values,eachcalculatedfrom Q = 10000permutations.Geneticmodelis multiplica-
tive with relativerisk λ = 2, diseaseallelefrequency0.1,K = 25,ρ = 1.5, marker
allelefrequencyfk(1) = 0.5 andmutationprobabilityqk = 0.001k = 1, . . . ,25. 200
casesand200controlsweresimulatedandanalyzed.

simulation(of phenotypes)to mimic case-controlsampling,the study designon
which our ascertainedARG modelis based.Specificallywe simulated6000hap-
lotypesundera modelwith mutationparametervalueequalto 10, crossoverrate
parameterequalto 100,numberof sites=100000(usingtheparametersdefinedin
MS; Hudson,2002). After standardisingthe region length to a [0,1] interval we
selectedthesegregatingsitewithin theregion[0.35,0.65]whichhadtheMAF clos-
estto 0.2,asa diseaselocus. Haplotypesweregroupedin pairsto represent3000
individuals,whosecase-controlphenotypewassimulatedfrom the diseaselocus
genotypewith penetrancesψ0 = 0.25,ψ1 = 0.38andψ2 = 0.53. Tenmarkerswere
thenselectedastheSNPs(MAF>0.03andexcludingthediseaseSNP)which were
closestto positions0.05, 0.15,. . ., 0.95. From the pool of 3000 individuals,500
casesand500controlswerethenselectedrandomly.Tendatasetsweresimulated
in this manner. LOD scoresandCochran-Armitageteststatisticswereestimated
usingthe final (simulated)datasetsof 1000individuals. For both tests,p-values
werecalculatedbasedon 100000permutations.For calculatingtheLOD scorewe
assumed(nuisance)parametervaluesof p = 0.05, ρ = 1, µ = 0.0005,ψ0 = 0.05
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andλ = 1.8. LOD scoreswerecalculatedat 10 locations,spacedregularlyacross
the[0,1] region.ResultsaredisplayedasROCsin Figure9. Althoughthenumber
of simulateddatasetsis small,it is reasonableto concludethattheassociationtest
basedon the ascertainedARG can comparefavourablyto the (global) Cochran-
Armitagetestevenunderamis-specifiedgeneticmodel.
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Figure9: LOD scoreandCochran-Armitage(C-A) test results,presentedases-
timatedROC curves,for ten datasetssimulatedunderthe neutralWright-Fisher
model.

7.3 RealData Analysis

During2007two (independent)genomewideassociationscans(Hunteretal.,2007
andEastonet al., 2007) identifiedSNPsin the FGFR2(Fibroblastgrowth factor
receptor2) geneto be associatedwith the risk of developingbreastcancer(e.g.
rs2981582with 95%confidenceinterval for theperalleleOR estimatedas(1.23-
1.30); Eastonet al., 2007). We presentherean analysisof SNPsin this gene,for
400Swedishpostmenopausalbreastcasesand400healthySwedishcontrols.These
casesandcontrolsarepartof anongoinggenome-wideassociationstudyandhave
beenselectedrandomlyfrom a largersampleof womenwhich hasbeendescribed
in detail elsewhere(Einarsdóttiret al., 2006). We first selecteda region of ap-
proximately160,000basepairs,within anddownstreamof FGFR2,containing38
SNPs.Thep-valuesfrom Cochran-Armitagetrendtestsareplottedin Figure10a.
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Thesmallest(marginal)p-valuewas0.0014,for rs1219648.Theresultsfrom this
subsetof individuals closely resemblesthosedisplayedin Figure 2 of Hunter et
al. (2007).We evaluatedour ARG LOD scorefor a window of 10 adjacentSNPs,
within which Cochran-Armitagetestresultsshowthe strongestsignalof associa-
tion, both in our dataandin Figure2 of Hunteret al. (2007). We evaluatedthe
LOD scoreat 19 equidistantlocationswithin the selectedregion,assuming(nui-
sance)parametervaluesof p = 0.2, ρ = 0.8, µ = 0.0001,ψ0 = 0.005andλ = 1.3.
We obtainedglobalp-valuesof 0.0102and0.0029for testsbasedon theCochran-
ArmitageandLOD scores,respectively.Resultsaredisplayedin Figure10.

Figure 10: LOD scoreand Cochran-Armitage(C-A) test resultsfor association
betweenSNPsin FGFR2andrisk of postmenopausalbreastcancer.LOD scores
areevaluatedwithin a region,standardisedto [0,1] in (b), which is indicatedin (a).

8 Discussion

8.1 Summary

In this article we havedefinedan ascertainedversionof the ARG, involving two
subpopulationsof mutatedandwildtypechromosomes.Wehavedevelopedanovel
asymptoticschemefor suchARGs, conditioningon time of diseasemutationG
andsubpopulationssizes,countingtime in unitsof G generations.Theascertained
ARG definesageneralframeworkfor chromosomeevolutionof agivensample,as
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it handlesarbitrarygeneticmodels,adaptsto markerallele frequenciesandcopes
with neutralmutations.Themodelallowsfor varyingbut fixed populationsizesof
themutatedandwildtype populations.

As a major applicationof the ascertainedARG, we haveshownhow it can
be usedto calculatelikelihood andLOD scores,i.e. we usethe ascertainedARG
directly for multipoint gene-mapping.The mappingproceduredoesnot require
knownhaplotypephase.Undercertainmodelingassumptions,theLOD scorecan
be computedexactly, without Monte Carlo approximation,and p-valuescan be
calculatedbasedonpermutationtesting.Thecomputationalspeedupsare,to alarge
extent,basedon a HMM algorithmfor subsetsof mutatedchromosomes,assumed
to evolveaccordingto Markovchainsacrossmarkers.

8.2 Extensionsof the ProposedLikelihood

Someof our regularityconditionsaremorerestrictivethanin otherpapers,asdis-
cussedin Section1. We mentiona few possibleextensionsthatshouldbe investi-
gatedin moredetail in futurework:

A) Onedeficit with our modelis that thenuisanceparametersξ , including the
recombinationrateρ, haplotypefrequenciesf andmutationratesµ mustbesetby
themodeler.In mostreal life situationstheseparametersarenot known,andmust
in thiscasebeestimatedbeforetheanalysisis performed.Thus,themostimportant
extensionof ourmethodwouldbeto includeestimationof thenuisanceparameters
that are treatedasfixed but unknownand integrateover thosethat are treatedas
random(hiddenvariables).

Of the parametersgiven in Figure2, we now arguethat ξA and µ shouldbe
random.Thereasonwhy we havetreatedthemasfixed is theconditioningon the
ageG of the diseasecausingmutationaswell assubpopulationsizes{NMu} and
{NWu}. This simplifiestheform of A |M0 a lot becauseof its Markovianstructure
backwardsin time. An alternativeapproachwould be to conditiononly on total
populationsizes{Nu}, treatingG, {NMu} and{NWu} asrandom. Wiuf andDon-
nelly (1999)derivedthedistributionof thecoalescencetreeT (τ)|M0 in a haploid
framework.It wouldbeinterestingto extendtheir resultsto diploid populationsand
ARGs. After switchingto continuoustime, this essentiallycorrespondsto usinga
likelihood

Px(g|Y ) =
∫

Px(g|Y ,ξA ,µ)dP(ξA ,µ),(24)

sinceξA andµ aretheonly nuisanceparametersthatareaffectedby themutation
ageandpopulationsizes.With assumptions(x)-(xii), (24) simplifiesfurtherto

Px(g|Y ) =
∫

Px(g|Y ,ρ,µ)dP(ρ,µ).(25)
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Now L(x) = L(x;ρ,µ), whereasL(∞) = L(∞; µ). If we treatµ asa constantand
only varyρ in (25),wefind thatthenull likelihoodis constant,giving usalod score
which generalizes(2) as

Z(x) = log10

∫

LR(x;ρ)dP(ρ),(26)

whereLR(x;ρ) computedasin Section6. For instance,usinga finite grid of ρ-
valuesweonly haveto sumovera few termsin (26).

B) Wealsoassumed(iii), thatnoneof themarkerloci arecausalfor thedisease.
Althoughcomputationswill not collapseif LOD scoreis calculatedat markerloci,
therewill in generalbea discrepancybetweendiseaseallelefrequencyandmarker
allelefrequencythatwill hampertheresults.More precisely,evenfor calculations
at a markerlocus, the proceduredoesnot requirethat exactly the chromosomes
with diseasemutationshouldhavea certainallele. We arecurrentlyinvestigating
extensionsof ourmappingprocedurewhenτ = xk is assumedfor somek.

C) Multiple diseasemutationsatτ couldbetreatedby generalizing(i) andcon-
sideringM disjoint subpopulationsof mutatedchromosomes,descendedfrom M
foundermutationsb → Bs (with possiblydifferent penetrancefunctions)Gs gen-
erationsbackin time, s = 1, . . . ,M. Thecomputationalcomplexityin Section6.1
increasesfrom mK2K to mK2MK, sincewehaveto conditionon M distinctfounder
haplotypes.Thestatespaceof thehiddenMarkov chainin AppendixF is enlarged
slightly, sinceweneedto keeptrackof thevarioussubpopulatioins.

D) We haverequiredbackgroundLE in (xiii) for two reasons;it allows fast
computationof thelikelihoodfor unphaseddata(AppendixE) andit givesaproduct
structurewhencomputingS in (A.10), which is neededfor the HMM algorithm
of Appendix F. An extensionwould be to model backgroundLD in the current
generationasa first orderMarkov chain(seee.g.Liu et al, 2001andMorris et al.,
2002).Assumingphaseddataanda likelihood Px(h|Y ) this givesa likelihood ratio

L(h′,D) =
n

∏
i=1

f̃ (hi,k+
i +1|hi,k−i

)∏
k+

i

k=k−i
P(hik|h′k)

∏
k+

i +1

k=k−i
f̃ (hik|hi,k−1)

,

wherek−i and k+
i are the left and right handend points of the ith row of D. In

Section6.1, the resultinglikelihood ratio LR(x) canbecomputedby meansof an
HMM algorithmwith statespacepairsof mutatedsubsetsatneighbouringloci. The
computationalcomplexityis still proportionalto mK2K, but with a largerpropor-
tionality constant.
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E) Theperhapsmoststraightforwardwayof relaxingthestartopologyassump-
tion of theARG at thediseaselocusis to retain(x)-(xi) but relax(xii) andallow for
µM(t) > 0. This happens,for instance,in Example1 whena ≪ b + c andc ≫ 1.
TheresultingcoalescencetreeT (τ) is thensimilar to theunshatteredversionof the
casechromosometopology in Morris et al. (2002). This implies that the nearest
recombinationeventsareno longer independent,seeMcPeekandStrahs(1999).
As a result, the expansion(20) of the likelihood ratio is no longervalid. Hence
someapproximationof the lod score,suchas the plod score,is necessary.An-
othercomplicationis that the Markov property(A.12) of mutatedsubsetsis lost,
andtheHMM algorithmof AppendixF cannotbeappliedwithout somemodelap-
proximations.A possibilityin thiscasewouldbeto employtheSequentialMarkov
Coalescent(SMC)of McVeanandCardin(2005),which is anapproximationof the
ARG thatis Markoviannotonly in time but alsoalongsequences.

F) Therarediseaseallelecondition(x) is imposedin orderto assurethatD, the
setof markersinheritedfrom theancestralmutatedhaplotype,hasconnectedrows,
cf. (11). It is notneededfor assuringthatthenumbernM0 of mutatedchromosomes
is small. Relaxationof (x) would requirea generalizationof the Markov process
alongsequencesin AppendixF to handletransitionsbackandforth betweenM0

andW0, perhapsusingtheSMC mentionedunderE).

8.3 Importance Sampling

In Section8.2, we discussedrelaxing one regularity condition at a time. With-
out any of the the model approximationsof Section5, exact likelihood compu-
tation (5) is not feasible,becauseof the dauntingsummationover hidden data
H = (h,h′,A ,M0). With importancesamplingwe usea proposaldistributionPpr

for H andwrite

L(x) = ∑
H

Px(g,H|Y )

Ppr(H)
Ppr(H),

which is approximated,without bias,by

L̂(x) =
1
Q

Q

∑
i=1

Px(g,Hi|Y )

Ppr(Hi)
,

where{Hi} is a randomsamplefrom Ppr. TheoptimalchoicePpr(H) = Px(H|g,Y )
is not feasibleto samplefrom, but it is crucial for Ppr to becloseto this optimum.
Larribe et al. (2002)employ,within a full likehihoodframeworkPx(Y ,g), a pro-
posaldistributiondueto Griffiths andTavaré(1994).More accuratechoicesof Ppr
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havebeensuggestedby StephensandDonnelly(2000)andFearnheadandDonnelly
(2001,2002)in othercontextsthandiseaselocustesting/estimation.An interesting
topic wouldbeto extendtheir algorithmsto our framework.

8.4 BayesianApproach

Lettingx (andpossiblythewholeor partof ξ ) berandomwecanusethelikelihood
L(x) for computingtheposteriordensity

P(x|g,Y ) = ∑
H

P(x,H|g,Y )dH ∝ L(x) ∝ LR(x),(27)

whenthe prior of x is uniform, seee.g.RannalaandReeve(2001),Morris et al.
(2002)andZöllner andPritchard(2005). TheBayesianmappingprocedurebased
on (27) is fasterthan (3), sinceno permutationprocedureis neededfor p-value
computation.The Bayesianapproachis alsomoresuitablefor diseaselocusesti-
mation,usingcrediblity regionsdefinedfrom theposterior.On theotherhand,the
pointwise p-value(3) is morerobusttowardsmodelmisspecification.We notice
that,for eachfixedx, themarginaldistributionPx(H|g,Y ) is identicalto theoptimal
proposaldistributionin Section8.3.

8.5 IBD-BasedHaplotype Similarity Measures

As mentionedin the introduction,a pairwiseIBS-basedsimilarity betweenhaplo-
typescanbeusedfor haplotypeclusteringandgenemapping.Oneapplicationof
ARGsis to definealternativeIBD-basedhaplotypesimilarity measures. We have
recently,in Hartmanet al. (2008),usedan alternativehaplotypesimilarity metric
basedoneitherof thetwo IBD-sharingprobabilities

P(i1 andi2 IBD at τ|hi1,hi2) = P(i1, i2 ∈ M0|hi1,hi2),
P(i1 andi2 IBD at τ|h) = P(i1, i2 ∈ M0|h)

(28)

betweenChromosomesi1 6= i2. In bothequalitiesof (28) we assumethatno wild-
typechromosomescoalesce,i.e. that µU(·) = 0. Then,theonly way in which the
two chromosomescouldbeIBD is thattheybothdescendfrom themutatedfounder
chromosome.

8.6 LD Simulation

For thepurposeof simulationfrom anARG (with slight approximations)thereare
varioussoftwareavailable,seee.g.Hudson(2002)andMarjoramandWall (2006).
Thesimulationsincluderecombinationsandneutralmutations,andcanbemodified
to adaptto varyingrecombinationor mutationrates.Thus,therearegoodmethods
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to generaterandomsamplesfrom a population. However,thesealgorithmspro-
vide no goodway to obtainthe kind of highly non-randomsamplesthat areused
for case-controlassociationstudies,linkage-disequilibriummappingstudiesand
othergene-mappingpurposes.We thereforebelieveoneimportantapplicationof
our ascertainedARG is simulationof haplotypedatah conditionalonY . This can
be achievedby first simulatingM0 conditionalon Y , thenA conditionalon M0,
h′ conditionalon nG = nG(A ) with specifiedfounderhaplotypefrequencies,and
finally h conditionalon A and h′. In this way we mimic a non-randomsample
wherechromosomescarryinga diseasemutationtend to be moreclosely related
thanchromosomesnotcarryingthedisease,andthusalsomorecloselyrelatedthan
the populationas a whole. Ascertainmentcorrectedsimulationhasearlier been
proposedby Zöllner andvon Haessler(2000)andrecentlyby WangandRannala
(2004,2005),whosemodelsshowlargesimilaritieswith theonewepropose.Justas
in thispaper,themodelof WangandRannala(2005)handlesincompletepenetrance
andgenotypedata.However,theyusediscretegenerations,andaccountfor varying
or stochasticdiseaseallele frequencies.This could alsobe incorporatedinto our
ARG, by first generatingthe randomdiseaseallele frequencies{p(t);0 ≤ t ≤ t}
andthengeneratingA conditionalon p(·), similarly asin (24). That the disease
locusof Zöllner andvon Haessler(2000)andWangandRannala(2004,2005)is
assumedto beonthesamesideof all markers,is probablyeasyto generalizeto our
approach,with markerson bothsidesof thediseaselocus. FurthertheSNPloca-
tionsaresimulatedaspartof theprocedure,whereasoursappearat predetermined
positions.Thissimplerapproachallowsresearchersinterestedin aspecifiedregion
to choosethe markerlocationsamongthe SNP locationsin the humangenome,
which arenowadayseasilyavailable,e.g.from the HapMapproject(The Interna-
tional HapMapConsortium,2003).

Appendix A: Markov Property of A |M0 in DiscreteTime

To showthatwe havea Markov propertyof A |M0 backwardin time we by intro-
ducingonemoreconditionof randommatingforwardsin time:

(ix) For u = G,G− 1, . . . ,1, in formationof Generationu− 1, thereareNu−1/2
randommatingstaking placebetweenthe Nu/4 malesandNu/4 femalesof
Generationu, conditionedon thefollowing: Thenumberof producedmales
andfemalesareequal,Nu−1/4, andthe genotypefrequenciesat the disease
locuswithin boththefemaleandmalesubpopulationsof Generationu−1 are
q2

u−1 for genotype(bb), 2pu−1qu−1 for genotype(Bb) andp2
u−1 for genotype

(BB), wherequ = 1− pu andpu−1 = NM,u−1/Nu−1.
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Condition(ix) givesa diploid Wright-Fishermodelfor a populationwith two sub-
populations(mutatedandwildtype) with knownvaryingpopulationsizes.A con-
sequenceof (iii) is thathalf of theB-allelesof Generationu arein femalesandhalf
in malesfor all 0≤ u < G.

It is well knownthat theordinarydiploid Wright-Fishermodelsgivesrise to a
Markov chainbackwardsin time for mutationsandrecombinations,seee.g.Nord-
borg(2001)andNordborgandTavaré(2002).Wenowmodify thesecalculationsto
our frameworkof two diploid subpopulations.

Supposetherearek ≥ 2 mutatedandl ≥ 2 wildtype chromosomesancestralto
the given samplein Generationu−1, where2 ≤ u ≤ G−12. Let R be the event
thatanyof thek + l linesrecombines,CM theeventthatat leasttwo of themutated
chromosomescoalesceandCW theeventthatat leasttwo of thewildtype chromo-
somescoalescewhen going back one generationin time. Sincerecombinations
are independentof the randommating for eachgeneration,andHardy-Weinberg
equilibriumis keptwithin malesandfemalesof eachgeneration,it follows thatthe
probabilityof nocoalescenceor recombinationeventis

P(R∗ ∩C∗
M ∩C∗

W ) = P(R∗)P(C∗
M ∩C∗

W ) = P(R∗)P(C∗
M)P(C∗

W )(1+O(N−1
u )),

whereR∗ is thecomplementto R, etc.Whenk = 2, wenoticethat

P(CM) =
NM,u−1/2−1
(NM,u−1−1)

×P(A|M) = 0.5P(A|M)+o(N−1
u−1),(A.1)

where(NM,u−1/2−1)/(NM,u−1−1) is theprobabilitythatthetwo distinctmutated
alleleshaveparentsof the samesex, A is the eventthat two different allelesof
Generationu−1 thatoriginatefrom a parentof thesamesexin Generationu also
originatefrom thesameparentandthesamegrandparentalallelewithin thatparent
andM is theeventthat two randomlychosenallelesof Generationu−1 areboth

2Thecomputationof coalescenceprobabilitiesis slightly differentwhenu = 1, dueto thecon-
staint that the n sampledchromosomesarefrom m pairsof individuals. Likewise, for u = G the
Hardy-Weinbergcondition of the parentalgenerationis not fulfilled. However,omitting a finite
numberof generationshasnoasymptoticeffectwhenG → ∞ below.

mutated. We further introducethe eventsHi that the parentof Allele 1 hasi B-
alleles,i = 0,1,2. Then

P(A|M) = P(A|H1,M)P(H1|M)+P(A|H2,M)P(H2|M).

Without lossof generality,assumethat the two alleleshavemaleparents.Since
there is Hardy Weinbergequilibrium within the male populationof Generation
u, it follows that P(H1) = 2puqu and P(H2) = p2

u. FurtherP(M|H1) = 0.5 and
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P(M|H2) = 1, sinceboth allelesof a parentare(unconditionallyon mutationsta-
tus)equallylikely to betransmittedto thenextgeneration.Hence,by Bayes’Rule,
P(H1|M) = qu and P(H2|M) = pu. Given that an allele of Generationu − 1 is
mutated,the probability that a given maleof Generationu (out of all Nu/4 pos-
sible) is its father is c/(Nu/4) = 2P(A|H2,M) if the fatherhastwo B-allelesand
0.5c/(Nu/4) = P(A|H1,M) if the fatherhasone B-allele. To determinethe pro-
portionality constantc, we notice that the numberof maleswith two B-allelesis
p2

u ·Nu/4 andthenumberof maleswith oneB-alleleis 2puqu ·Nu/4. Hence

p2
uNu/4·

c
Nu/4

+2puquNu/4·
0.5c
Nu/4

= 1⇐⇒ c = p−1
u .

Puttingthingstogether,wefind that

P(A|M) =
2

Nu pu
qu +

2
Nu pu

pu =
2

NMu
.

Insertingthis into (A.1) we obtain a coalescenceprobability P(CM) = 1/NMu +
o(1/Nu). For k ≥ 2, let Ci j denotethe eventthat chromosomesi and j coalesce.
Then

P(CM) = P
(

∪1≤i< j≤k Ci j
)

= ∑1≤i< j≤k P(Ci j)+o(N−1
u )

=
(k

2

)

/NMu +o(N−1
u ),

(A.2)

sincetheprobability thatmorethantwo linescoalesceat thesametime hasproba-
bility o(N−1

u ). In thesameway,oneshows

P(CW ) =

(

l
2

)

/NWu +o(N−1
u ).

Sincethel + k chromosomesrecombineindependently,

P(R) = 1− (1− r)k+l.

GiventhatarecombinationoccursatX duringformationof Chromosomee of Gen-
erationu−1, let e1 ande2 denotethe two parentalchromosomesof Generationu
that transmittedmaterialalong[0,X) and[X ,1] to e respectively.Then,theparent
transmittingτ musthavethesamemutationstatusase, whereastheotherparentis
selectedrandomlyfrom one(maleor female)half of thepopulationwith probability
pu of beingmutated.Hence
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p(e1 ∈ M |e ∈ M ) = 1{X>τ} + pu1{X≤τ},
p(e2 ∈ M |e ∈ M ) = pu1{X>τ} +1{X≤τ},
p(e1 ∈ M |e ∈ U ) = pu1{X≤τ},
p(e2 ∈ M |e ∈ U ) = pu1{X>τ}.

(A.3)

2

Appendix B: Markov Processand Ratesof A |M0 in Continuous Time

Supposetherearek mutatedand l wildtype lines at time 0 ≤ t0 < 1 (Generation
[t0G]). Then,from the discretetime analysisof A |M0, it follows that the proba-
bility thatno coalescenceor recombinationeventoccursup to time t1 (t0 < t1 < 1)
is

∏[t1G]
u=[t0G]+1

((

1−
(k

2

)

/NMu

)(

1−
( l

2

)

/NWu

)

(1− r)k+l
)

+o(1)

−→ exp
(

−
∫ t1

t0
(
(k

2

)

λM(s)+
( l

2

)

λW (s)+(k + l)ρ)ds
)

asG → ∞, using(10) in the last step. Sincet0 andt1 arearbitrary,recombination
andcoalescenceeventsoccuraccordingto a Markov processin continuoustime
with ratesasspecifiedin Section4. Moreover,if a recombinationoccursat time t,
theprobabilityof theleft andright handparentallinesbeingmutatedor wildtype is
givenby (11),which corrrespondsto (A.3) with p(t) insteadof pu. 2

Appendix C: Definition of D in Terms of NearestRecombinationEvents

According to (11), Condition (x) implies that the set D of mutatedsites(i,k) is
a connectedregion,whoseboundaryto the left andright is definedusingnearest
recombinationeventsasfollows: AssumethatHx

1 holds,andlet xk0 ≤ x < xk0+1 for
somek0 = 0,1,2, . . . ,K. (We put x0 = −∞ andxK+1 = ∞ to makek0 well defined
evenwhenx < x1 or x ≥ xK.) Foreachi ∈M0, considerthei-lineageof T (x) from
t = 0 backto t = 1. It is a union of severaledgesalongthe ARG. Eachjunction
betweentwo suchedgescorrespondsto a recombinationevent.Let X−

i andX+
i be

therecombinationpointsto theleft andright of x thatarenearestto x. (If thereare
no recombinationpointsto the left of x we put X−

i = −∞ andsimilarly X+
i = ∞ if

thereareno recombinationpointsto theright of x.) Then

D = {(i,k), i ∈ M0 andeitherxk ≥ X−
i for k ≤ k0

or xk < X+
i for k ≥ k0 +1}.

(A.4)
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,

Appendix D: Derivation of (14)

Thefirst stepin simplifying (5) to (14) is to simplify theexpressionfor P(h|A ,h′)
in (9). Conditions(x)-(xii) imply thatT (xk) is aunionof disjoint straightlinesfor
all lineagesi suchthat(i,k) /∈D andaremainingtreewith startopology,connecting
all edgesi with (i,k)∈ D sothattheyall coalesceat time t = 1, seeFigure4. Hence

P(h|A ,h′) = ∏
(i,k)∈D

P(hik|h
′
Jk) · ∏

(i,k)/∈D

P(hik|h
′
jikk),(A.5)

where jik 6= J is thefounderchromosomeancestralto (i,xk). Using(xiv), weobtain

P(hik|h
′
jk) = (1−qk)

{hik=h′jk}q
{hik 6=h′jk}

k ,(A.6)

whereqk is themutationprobabilityat xk.
Wethensumoverh′(−J) = {h′j; j 6= J}, use(A.5), theLE condition(xiii) and(8)

to deduce
P(h|D,h′) = ∑h′

(−J)
P(h|A ,h′)P(h′(−J)|A )

= ∏(i,k)∈D P(hik|h′Jk) ·∏(i,k)/∈D f̃k(hik)
(A.7)

where f̃k aretheallelefrequenciesdefinedin (18).

Weobtain(14)by summingovervariousvariablesin (5) in thefollowing order:
Firstwesumoverh′(−J), asin (A.7), thenoverall A suchthatD(A ) = D andM0,
noticingthat

Px(D|Y ) = ∑
A ,M0

D(A )=D

Px(A |M0)P(M0|Y ) = ∑
M0

Px(D|M0)P(M0|Y ),

and,finally, wesumoverh, h′ andD.

Appendix E: Derivation of (17)

Let H = {h; h ∼ g} consistof all haplotypesconsistentwith genotypedata. We
obtainH by switchingall heterozygoussites(i,k) with the homologousone in
H[(i+1)/2]k. This is doneindependentlyfor all pairsof heterozygoussites,so that

|H | = 2|H|/2. Hence,(16) implies

LR(h′,D) = ∑
h∈H

P(h|h′,D)

L(∞)
.(A.8)
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SinceP∞(D = /0|Y ) = 1, weobtainL(∞) by puttingD = /0 in (A.7), whichyields

L(∞) = ∑
h∈H

∏
(i,k)

f̃k(hik) = |H |∏
(i,k)

f̃k(hik).(A.9)

Combining(A.7), (A.8) and(A.9) weget

LR(h′,D) =
1

|H | ∑
h∈H

∏
(i,k)∈D

P(hik|h′Jk)

f̃k(hik)
.

Carryingout the last summationindependentlyfor all nonemptypairsHvk of het-
erozygoussites,weendupwith (17).

Appendix F: HMM algorithm for Computing Likelihood Ratio (20)and (21)

Considera setV ⊂ {1, . . . ,m} of individuals,let I = ∪v∈V{2v−1,2v} denotethe
correspondingsetof haplotypes,DV = D∩(I×{1, . . . ,K}) thesetof mutatedmark-
ers(i,k) for chromosomesamongindividualsin V andCk = Cxk thekth columnof
DV , k = 1, . . . ,K. Underthe assumptionthat τ = x, we will devisea HMM algo-
rithm for computing

S = Ex

K

∏
k=1

Uk(Ck)|YV

)

,(A.10)

whereYV = {Yv, v ∈ V} andUk(Ck) = Uk(Ck;g) a given function. We will apply
this when

I) V = {v}, S = LR(h′,D{v}) equalsthe vth term of the outerproductin (20) and
Uk the kth term on the right-handsideof (17), whenD{v} replacesD on the
left-handside.

II) V = {1, . . . ,m}, YV = Y , DV = D, S = LR(x) is the likelihood ratio, expanded
asin (21)andUk thekth termon theright-handsideof (22).

III) givenV , S = LR(x;V ) andUk is the kth term on the right-handsideof (21),
whenDV replacesD on theleft-handside.Thiscaseis ageneralizationof II.

To beginwith, we establisha Markov propertyof {Ck}. Becauseof (A.4), the
columnsof DV to the left andright of the (assumed)diseaselocus,{Ck}

1
k=k0

and
{Ck}

K
k=k0+1, evolveas two Markov chainswith statespaceall subsetsof I. The

two chainsareindependentconditionalon their startingvalues,which dependon
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Figure11: DAG showingtheMarkovchain{Ck}, incompletelyobservedby means
of Uk = Uk(Ck).

Cx := M0∩ I. As thechainsprogress,Ck is non-increasingin bothdirections,with
Lineagei ∈ I lost at xk whentherearerecombinationeventsat X−

i (X+
i ) just to the

right (left) of xk affectingi.
Since nearestrecombinationeventsoccur as independentPoissonprocesses

with rateρπ(·) alongdifferentmutatedi-lineages,it is easyto seethat{X−
i }i∈M0

and{X+
i }i∈M0 areindependentrandomvariableswith

Px(X
−
i < x′|i ∈ M0) = exp(−ρ

∫ x
x′ π(y)dy) , 0≤ x′ < x.

Px(X
+
i > x′|i ∈ M0) = exp

(

−ρ
∫ x′

x π(y)dy
)

, x < x′ ≤ 1.
(A.11)

Let F− andF+ denotethedistributionfunctionsof X−
i andX+

i , andput

rk = (F−(xk)−F−(xk−1))/F−(xk), 1≤ k ≤ k0,
rk = (F+(xk+1)−F+(xk))/(1−F+(xk)), k0 +1≤ k ≤ K,

r−x = F−(x)−F−(xk0),
r+

x = F+(xk0+1)−F+(x).

In words,whenk ≤ k0, rk is theprobabilityof a recombinationbetweenxk−1 and
xk giventhatnorecombinationhasoccurredbetweenxk andx. r−x is theprobability
of a recombinationeventbetweenxk0 and x for a mutatedlineagei ∈ M0. The
interpretationof rk for k ≥ k0 + 1 and r+

x is similar. This givesrise to transition
probabilities

P(Ck−1 = C′|Ck = C) = r|C|−|C′|
k (1− rk)

|C′|, k = 1, . . . ,k0,

P(Ck+1 = C′|Ck = C) = r|C|−|C′|
k (1− rk)

|C′|, k = k0 +1, . . . ,K,

Px(Ck0 = C′|Cx = C) = (r−x )|C|−|C′|(1− r−x )|C
′|,

Px(Ck0+1 = C′|Cx = C) = (r+
x )|C|−|C′|(1− r+

x )|C
′|,

(A.12)
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providedC′ ⊆C (otherwisethetransitionprobabilitiesarezero).Define

Sk(C) =

{

Ex(∏k
l=1Ul(Cl)|Ck = C), 0≤ k ≤ k0,

Ex(∏K
l=k Ul(Cl)|Ck = C), k0 +1≤ k ≤ K +1.

and

S(C) = Ex(
K

∏
l=1

Ul(Cl)|Cx = C).

Then,therecursivealgorithmfor computingS canbeformulatedin termsof Sk(C),
S(C) andthetransitionprobabilitiesasfollows: Startwith initial conditions

S0(C) = 1,
SK+1(C) = 1,

∀C ⊆ I.

Then,definerecursivelyfor all C ⊆ I

Sk(C) = ∑C′⊆C Sk−1(C′)Uk(C)P(Ck−1 = C′|Ck = C), k = 1, . . . ,k0,
Sk(C) = ∑C′⊆C Sk+1(C′)Uk(C)P(Ck+1 = C′|Ck = C), k = K, . . . ,k0 +1.

Thefinal two stepsare

S(C) =
(

∑C′⊆C Sk0(C
′)P(Ck0 = C′|Cx = C)

)

·
(

∑C′⊆C Sk0+1(C′)P(Ck0+1 = C′|Cx = C)
)

, ∀C ⊆ I
S = ∑C⊆I S(C)P(Cx = C|YV ).

In the last stepwe use(7) to evaluateP(Cx = C|YV ). The total complexityof the
algorithmis O(K2|I|), where2|I| is thestatespacesize.

The HMM algorithmof McPeekandStrahs(1999) is closeto a specialcase
of ours,when|I| = 1. However,they introducemutatedallelesasa separatestate
(giving a totalstatespacesize21+1 = 3), whereaswe incorporatemutationwithin
thefunctionsUk. 2
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