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1. Polya-Schur theory and complex dynamics 

The main question considered in the Pólya–Schur theory [6] can be formulated 
as follows. 

Problem 1. Given a subset S ⊂ C of the complex plane, describe the semigroup 
of all linear operators T : C[z] → C[z] sending any polynomial with roots in S to a 
polynomial with roots in S (or to 0). 

Definition 1. If an operator T has the latter property, then we say that S is a 
T -invariant set, or that T preserves S. 

So far Problem 1 has only been solved for the circular domains (i.e., images of 
the unit disk under Möbius transformations), their boundaries [4], and recently for 
strips [5]. Even a very similar case of the unit interval is still open at present. It 
seems that for a somewhat general class of subsets S ⊂ C, is out of reach of all 
currently existing methods. 

In this project, we consider an inverse problem in the Pólya–Schur theory which 
seems both natural and more accessible and its connection to complex dynamics. 
We will restrict ourselves to consideration of closed T -invariant subsets. 

Problem 2. Given a linear operator T : C[x] → C[x], find a sufficiently large class 
of closed T -invariant sets. Ultimately, describe all closed T -invariant subsets of the 
complex plane. 

Instead of acting on the space of all polynomials one can restrict the action of T 
to polynomials of the form (z − a)m, i.e. those having just a single root or to the 
functions of the form (z − a)t , t > 0. All these versions lead to relevant concepts of 
invariant sets and to interesting problems similar to Problem 2. 

A large number of initial results can be found in [1, 2, 3] (which can be down
loaded from my homepage), but there is an abundance of intriguing related ques
tions still waiting to be addressed. This topic is closely related and generalizes 
many set-ups, methods and approaches of complex dynamics. In particular, it
erations and backwards iterations of rational functions are instrumental in many 
results of [1]. Iterations of algebraic curves (instead of rational functions) naturally 
appear in [3], etc. In my opinion, the project has a large potential and will create 
a new research direction. 

For this project a successful applicant needs to have a good background in anal
ysis and complex dynamics. A future doctoral student will join our small, but very 
active and informal research group. 
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