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A central and vivid area of contemporary probability theory aims to provide a mathematical 
explanation of various natural and physical phenomena where randomness can be assumed to 
play a role. In order to illustrate what this means, let us consider an example. In the 1890s, 
physicist Pierre Curie reported on a series of experiments that would change our understanding 
of magnetism. Currie discovered that the magnetic properties of an iron bar changed drastically 
when heated, and this change occurs at a specific temperature, which for iron equals 770 degrees 
Celsius. The Ising model is a simplified mathematical model that exhibits a so-called phase 
transition, i.e. a drastic change of behaviour as some parameter of the model is changed (in this 
case temperature). Much work over the past half a century has aimed to explain the occurrence 
of phase transitions in models such as the Ising model. 

Figure 1. In the Ising model, each site may be in one of two states, and neighbouring 
sites in different state pay a penalty. At low temperature (left) this penalty is felt by 
the system, which orders into two phases. At high temperature (right) the penalty is 
too weak to have a global effect on the system, which looks disordered. 

The above is an example where one with mathematical means can explain the occurrence of 
phenomena such as phase transitions, through the study of simplified models. These models often 
have a spatial dimension, which leads to the study of random spatial processes and structures. 
Other examples of random spatial processes include random walks, percolation processes, models 
for spatial growth and competition, and interacting systems of particles. By describing the 
properties of these processes mathematically, we provide further evidence for the physicist’s 
understanding of the laws of nature. 

Project description 

In the following I will describe a possible direction of study for the following project, related 
to the study of spatial growth models. Several other models and problems may come to be 
considered as well as, depending on what seems to be suitable as the project evolves. 
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Consider a connected graph G = (V, E) and associate nonnegative i.i.d. random weights to 
the edges of the graph. This basic setting give rise to many interesting models, depending on 
the graph chosen and the question one poses. In the study of random processes with a spatial 
component, one may want to choose a graph that resembles the spatial structure of e.g. the 
plane. One such graph is the Z2 nearest-neighbour lattice, where the vertices are the integer 
points of Z2 and any two points at distance one are connected by an edge. The weights associated 
to the edges of the graph induces a random metric on the graph, in which the distance between 
to points x and y is given by the minimal weight-sum among all paths connecting x to y. In the 
literature, the study of this metric space is referred to as first-passage percolation. 

First-passage percolation can be thought of as a model for spatial growth. By interpreting 
the weights associated to the edges as passage times, a ball in the metric of radius t obtains the 
meaning of the set of points occupied by a growing entity at time t. By allowing for multiple 

Figure 2. Four different simulations that illustrate the occupied region in first
passage percolation with four initially infected sites of different colours. In the left-most 
simulation only three of the four colours survived. 

points being initially occupied, one obtains a model for competing growth between different 
types. The possibility of coexistence is closely related to the geometry of distance-minimising 
paths (also referred to as a geodesic). Considerable effort has been put into understanding 
asymptotic properties of distances, balls and geodesics in the first-passage metric. 

Another interpretation of first-passage percolation is that of a random perturbation of the 
Euclidean plane. In the Euclidean plane a straight line is the shortest path between the two 
points. After a random perturbation a path minimising the distance between two points will 
instead wiggle back and forth in order to avoid regions of the plane with high-weight edges. 

Figure 3. A simulation shows that the geodesic, i.e. distance-minimising path, be
tween two points in first-passage percolation is no longer the straight line. 

The following themes are mentioned as an illustration of possible directions for the project: 

•	 Are the first-passage distance and distance-minimising path sensitive or stable with 
respect to small perturbations of the weight configuration? 

•	 What role does the distance-minimising paths play in understanding other features of 
the model, such as fluctuations? 

The methods used will vary depending on the context, and tend to involve a variety of techniques 
from probability theory as well as elements from analysis and combinatorics. 
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